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OUTER AUTOMORPHISM GROUPS OF SOME
ERGODIC EQUIVALENCE RELATIONS
ALEX FURMAN
Abstract. Let R a be countable ergodic equivalence relation of
type II1 on a standard probability space (X,µ). The group OutR
of outer automorphisms of R consists of all invertible Borel mea-
sure preserving maps of the space which map R-classes to R-classes
modulo those which preserve almost every R-class. We analyze the
group OutR for relations R generated by actions of higher rank
lattices, providing general conditions on finiteness and triviality
of OutR and explicitly computing OutR for the standard actions.
The method is based on Zimmer’s superrigidity for measurable co-
cycles, Ratner’s theorem and Gromov’s Measure Equivalence con-
struction.
1. Introduction and Statement of the Main Results
Let (X,B) be a standard Borel space with a non-atomic probabil-
ity Lebesgue measure and let R be a countable measurable relation of
type II1 on (X,B, µ), i.e. measurable, countable, ergodic and measure
preserving equivalence relation R ⊂ X×X . For the abstract definition
of this notion the reader is referred to the fundamental work of Feld-
man and Moore [1], which in particular demonstrates that any such
equivalence relation can be presented as the orbit relation
RX,Γ = {(x, y) ∈ X ×X | Γ · x = Γ · y}
of an ergodic, measure preserving action of some countable group Γ
on the space (X,B, µ). In most of the examples in this paper equiv-
alence relations are defined by ergodic measure-preserving actions of
concrete countable groups Γ, namely irreducible lattices in semi-simple
connected higher rank real Lie groups.
In the purely measure-theoretical context of this paper all objects are
considered modulo sets of zero µ-measure, denoted (mod 0). Following
this convention the measure space automorphism group Aut(X, µ) is
the group of all invertible Borel maps T : X → X with T∗µ = µ, where
two such maps which agree on a set of full µ-measure are identified. In
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a similar fashion two equivalence relations R, R′ on (X, µ) are identified
if there exists a subset X ′ ⊆ X with µ(X ′) = 1 on which the restrictions
of R and R′ coincide.
Given an equivalence relation R on (X, µ) consider the group of re-
lation automorphisms
AutR = {T ∈ Aut(X, µ) | T × T (R) = R}
and the subgroup InnR of inner automorphisms, also known as the
full group of R, consisting of such T ∈ Aut(X, µ) that (x, Tx) ∈ R for
µ-a.e. x ∈ X . The full group InnR is normal in AutR and the outer
automorphism group OutR is defined as the quotient
1−→InnR−→AutR
ǫ
−→OutR−→1
Elements of OutR represent measurable ways to permute R-classes on
(X, µ). The full group InnR is always very large (see Lemma 2.1).
For the unique amenable equivalence relation Ram of type II1 the outer
automorphism group OutRam is also enormous. The purpose of this
paper is to analyze OutRX,Γ for orbit relations RX,Γ generated by m.p.
ergodic actions of higher rank lattices, in particular presenting many
natural examples of relations R with trivial OutR. Such examples were
first constructed by S. Gefter in [6], [7] (Thm 1.5 below).
Prior to stating the results let us define two special subgroups in
OutR, in the case where R is the orbit relation RX,Γ generated by some
measure-preserving action (X, µ,Γ) of some countable group Γ. In such
a situation consider the group Aut(X,Γ) of action automorphisms of
the system (X, µ,Γ)
Aut(X,Γ) := {T ∈ Aut(X, µ) | T (γ · x) = γ · T (x), ∀γ ∈ Γ}.
This is the centralizer of Γ in Aut(X, µ). For a group automorphism
τ ∈ Aut Γ define
Autτ (X,Γ) := {T ∈ Aut(X, µ) | T (γ · x) = γτ · T (x)}
and let Aut∗(X,Γ) be the union of Autτ (X,Γ) over τ ∈ Aut Γ. (If the
Γ-action is faithful Aut∗(X,Γ) is the normalizer of Γ in Aut(X, µ)).
We shall denote by A(X,Γ) and A∗(X,Γ) the images of the groups
Aut(X,Γ) and Aut∗(X,Γ) under the factor map AutRX,Γ
ǫ
−→OutRX,Γ.
Observe that the ǫ-image in OutRX,Γ of the coset Aut
τ (X,Γ) depends
only on the outer class [τ ] ∈ Out Γ and therefore can be denoted by
A
[τ ](X,Γ). The group A(X,Γ) is normal in A∗(X,Γ) and the factor
group A∗(X,Γ)/A(X,Γ) is (a factor of) a subgroup of Out Γ. In general,
the subgroups A(X,Γ) ⊆ A∗(X,Γ) of OutRX,Γ depend on the specific
presentation of the relation R as the orbit relation RX,Γ of an action
(X, µ,Γ).
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In this paper we are mostly interested in ergodic m.p. actions of
higher rank lattices and will be using the following terminology and
notations:
• For locally compact, secondly countable groupG a left-invariant
Haar measure will be denoted by mG. If Γ ⊂ G is a discrete
group so that G/Γ carries a finite G-invariant measure we say
that Γ forms a lattice in G and will denote by mG/Γ the unique
G-invariant probability measure on G/Γ.
• The term semi-simple Lie group will mean semi-simple, con-
nected, center-free, real Lie groupG =
∏
Gi without non-trivial
compact factors, unless stated otherwise. A lattice Γ in a semi-
simple Lie group G =
∏
Gi is irreducible if Γ does not contain
a finite index subgroup Γ′ which splits as a direct product of
lattices in subfactors. By higher rank lattice hereafter we shall
mean an irreducible lattice in a semi-simple Lie group G with
rkR(G) ≥ 2.
• A measure-preserving action (X, µ,Γ) of a lattice Γ in a semi-
simple Lie group G =
∏
Gi is irreducible if the action of every
simple factor Gi in the induced G-action on (G×ΓX,mG/Γ×µ)
is ergodic. Clearly, if G is simple then any lattice Γ ⊂ G is
irreducible and any ergodic Γ-action is irreducible.
• For an arbitrary group Γ a m.p. action (X0, µ0,Γ) is a (Γ-
equivariant) quotient of another m.p. action (X, µ,Γ) if there
exists a measurable map π : X → X0 with π∗µ = µ0 and
π(γ · x) = γ · π(x) for µ-a.e. x ∈ X and all γ ∈ Γ.
• A measure-preserving action (X, µ,Γ) of an arbitrary group Γ
is called aperiodic if every finite atomic quotient of (X, µ,Γ) is
trivial; equivalently if every finite index subgroup Γ′ ⊂ Γ acts
ergodically on (X, µ).
Remarks. (a) Every mixing ergodic action (X, µ,Γ) of an irre-
ducible lattice Γ in a semi-simple Lie group G is irreducible
and aperiodic.
(b) By the result of Stuck and Zimmer [14] any ergodic non-atomic
m.p. action of an irreducible lattice Γ in a semi-simple Lie
group G with property (T) is free (mod 0). Recall that a higher
rank semi-simple G has property (T) iff it does not have simple
factors locally isomorphic to SO(n, 1) or SU(n, 1).
(c) For any free, ergodic action (X, µ,Γ) of an irreducible lattice Γ
in a semi-simple Lie group G the map
Aut(X,Γ)
ǫ
−→A(X,Γ)
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is an isomorphism and the homomorphism
A
∗(X,Γ)/A(X,Γ)−→Out Γ
is an embedding (Lemma 2.3 below).
(d) It follows from the Strong Rigidity (Mostow, Prasad, Margulis)
that for an irreducible lattice Γ ⊂ G 6≃ SL2(R) the automor-
phism group Aut Γ is isomorphic to the normalizer NAutG(Γ)
of Γ in AutG ⊇ AdG ∼= G. Since Γ∗ := NAutG(Γ) ⊇ Γ is a
closed subgroup properly contained in AutG, it forms a lattice
in AutG, and Out Γ = Γ∗/Γ is always finite.
Thus for an irreducible aperiodic free m.p. action of a higher rank
lattice Γ the analysis of OutRX,Γ reduces to the analysis of the quotient
OutRX,Γ/A
∗(X,Γ) and the subgroup A∗(X,Γ) which, up to at most
finite index, is isomorphic to Aut(X,Γ).
Theorem 1.1. Let G be a semi-simple, connected, center-free, real Lie
group without non-trivial compact factors and with rkR(G) ≥ 2. Let
Γ ⊂ G be an irreducible lattice and (X, µ,Γ) be a measure preserving,
ergodic, irreducible, aperiodic, essentially free Γ-action. Assume that
(X, µ,Γ) does not admit measurable Γ-equivariant quotients of the form
(G/Γ′, mG/Γ′,Γ) where Γ
′ ⊂ G is a lattice isomorphic to Γ and Γ acts
by γ : gΓ′ 7→ γgΓ′. Then
OutRX,Γ = A
∗(X,Γ)
while A∗(X,Γ) ∼= Aut(X,Γ)/Γ.
More generally
Theorem 1.2. Let Γ ⊂ G be a higher rank lattice as in Theorem 1.1
and (X, µ,Γ) be any measure preserving, ergodic, irreducible, aperi-
odic, essentially free Γ-action. If OA∗(X,Γ) has finite index n > 1 in
OutRX,Γ then (X, µ,Γ) has an equivariant measurable quotient
π : (X, µ)−→(Gn−1/Γn−1, mGn−1/Γn−1) =
n−1∏
i=1
(G/Γ, mG/Γ)
where the Γ-action on (Gn−1/Γn−1, mGn−1/Γn−1) is given by
γ : (xi)
n−1
i=1 7→ (γ
τi · xi)
n−1
i=1
for some fixed automorphisms τi ∈ AutG, 1 ≤ i < n.
If A∗(X,Γ)] has infinite index in OutRX,Γ then (X, µ,Γ) has an in-
finite product equivariant quotient space
π : (X, µ)−→
∞∏
i=1
(G/Γ, mG/Γ)
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with a diagonal Γ-action on γ : (xi)
∞
i=1 7→ (γ
τixi)
∞
i=1 for some fixed
sequence τi ∈ AutG, i = 1, 2, . . . .
Of course, Theorem 1.1 is just a particular case of 1.2 (contrapositive
formulation for n = 1) since a τ -twisted Γ-action γ : gΓ 7→ γτgΓ
on (G/Γ, mG/Γ) is measurably isomorphic to the untwisted Γ-action
γ : gΓ′ 7→ γgΓ′ where Γ′ = τ−1(Γ).
For an d × d matrix A let χ(A) :=
∑
i log
+ |λi(A)|, where log
+ x =
max{0, log x} and λi(A) denote the eigenvalues of A. Given a semi-
simple group G and d ∈ N consider all linear representations ρ : G →
GLd(C) (there are finitely many equivalence classes for any d) and let
WG(d) := max
dim ρ=d
inf
g∈G
χ(ρ(g))
χ(Ad (g))
Corollary 1.3. Let Γ ⊂ G and (X, µ,Γ) be as in Theorem 1.2. De-
note by h(X, γ) the Kolmogorov-Sinai entropy of the single measure-
preserving transformation γ of (X, µ). Then
[OutRX,Γ : A
∗(X,Γ)] ≤ 1 + inf
γ∈Γ
h(X, γ)
χ(Ad (γ))
(1.1)
If X is a compact manifold with a C1-action of a higher rank lattice
Γ ⊂ G which preserves a probability measure µ on X so that (X, µ,Γ)
is a free (mod 0) action which is ergodic, irreducible and aperiodic, then
[OutRX,Γ : A
∗(X,Γ)] ≤ 1 +WG(dim(X)) (1.2)
The function WG satisfies WG(d) ≤ d
2/8.
Remark. Theorem 1.9 below shows that the inequality (1.1) is sharp.
However the estimate (1.2) is probably not optimal, with a more plau-
sible one being 1 + dim(X)/ dim Lie(G).
Remark. As we shall see below, groups OutRX,Γ and A(X,Γ) can be
very large when considered as abstract groups, but in all cases below
the quotient OutRX,Γ/A
∗(X,Γ) is either finite or countable. This might
be a general property of actions of higher rank lattices. In fact, this
property is known for essentially free ergodic actions (X,Γ) of groups Γ
with Kazhdan’s property (T). For such groups (and in a slightly more
general situation) Gefter and Golodets introduced a natural topology
on OutRX,Γ with respect to which OutRX,Γ is a Polish (i.e. complete
separable) group and A(X,Γ) is an open subgroup (see [8] Thm 2.3
and references throughout section 2).
In specific cases, in particular in the standard examples of algebraic
lattice actions, it is possible to compute the groups OutRX,Γ explicitly
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as we shall do in Theorems 1.4 - 1.9 below. In Theorems 1.4 - 1.8 the
systems (X,Γ) do not have G/Γ′ as measurable quotients and therefore
by Theorem 1.1 we have OutRX,Γ = A
∗(X,Γ) = Aut∗(X.Γ)/Γ. The
latter groups are of algebraic nature, but their explicit descriptions are
cumbersome. Thus for readers convenience we have also presented the
groups Aut(X,Γ), which have a more transparent appearance and have
at most finite (≤ |Out Γ|) index in A∗(X,Γ).
Theorem 1.4. Let G be a simple, connected real Lie group with finite
center and rkR(G) ≥ 2 and ρ : G →֒ SLN(R) be an embedding such
that ρ(G) does not have non-trivial fixed vectors and assume that G has
a lattice Γ ⊂ G such that ρ(Γ) ⊆ SLN(Z). Then the natural Γ-action
on the torus TN = RN/ZN is ergodic, aperiodic and the orbit relation
RTN ,Γ satisfies
OutRTN ,Γ = A
∗(TN ,Γ) ∼= NGLN (Z)(ρ(Γ))/ρ(Γ)
A(TN ,Γ) ∼= Aut(TN ,Γ) ∼= CGLN (R)(ρ(G)) ∩GLN(Z)
In particular, for n > 2 the SLn(Z)-action on T
n gives an ergodic
relation RTn,SLn(Z) which has no outer automorphisms if n is even, and
a single outer automorphism given by x 7→ −x if n is odd.
Note that in the above Theorem we allowed finite non-trivial centers
to accommodate the standard example of Γ = SLn(Z) acting on the
torus Tn for even n > 2.
To state the following results we recall the notion of affine transfor-
mations of a homogeneous space (these are needed only for the precise
description of OutRX,Γ), however the spirit of the results is captured by
the finite index subgroup A(X,Γ) which does not require this notion.
Definition. Let Λ be a subgroup of a groupH , and letN :=
⋂
h∈H h
−1Λh
denote the maximal subgroup of Λ which is normal in H . Given an
automorphism σ of H/N with σ(Λ/N) = Λ/N and t ∈ H/N denote by
aσ,t the map
aσ,t : hΛ 7→ tσ(h)Λ
of H/Λ. Such maps will be called affine, and we shall denote by
Aff(H/Λ) the group of all affine maps of H/Λ.
Replacing H by H/N and Λ by Λ/N one does not change the ho-
mogeneous space: H/Λ ∼= (H/N)/(Λ/N). Thus hereafter we shall
assume that N is trivial. Under this assumption the map (σ, t) 7→ aσ,t
defines an epimorphism NAutH(Λ) ⋉ H−→Aff(H/Λ) (which contains
{(Adλ, λ) | λ ∈ Λ} in its kernel) and which maps H ∼= {Id} × H iso-
morphically onto its image in Aff(H/Λ). This copy of H in Aff(H/Λ)
has index bounded by |OutH|.
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We shall be interested in situations where some group (a higher rank
lattice) Γ is embedded in H , ρ : Γ→ H , and acts on the homogeneous
space H/Λ by left translations. Then the normalizer NAff(H/Λ)(ρ(Γ))
in Aff(H/Λ) of this action consists of those affine maps aσ,t for which
σ ∈ AutH and t ∈ H satisfy
σ(Λ) = Λ and σ(ρ(Γ)) = t−1ρ(Γ)t.
In any case this group contains NH(ρ(Γ)) as a subgroup of an index
bounded by |OutH|.
Theorem 1.5 (cf. Gefter [7]). Let Γ be a higher rank lattice which
admits a dense embedding ρ : Γ → K into a compact connected Lie
group K. Then for every closed subgroup {e} ⊆ L ⊂ K the Γ-action on
(K/L,mK/L) is ergodic, irreducible and aperiodic and the orbit relation
RK/L,Γ satisfies
OutR(K/L,Γ) = A
∗(K/L,Γ) ∼= NAff(K/L)(ρ(Γ))/ρ(Γ)
A(K/L,Γ) ∼= Aut(K/L,Γ) ∼= NK(L)/L
In particular, if the compact group K has no outer automorphisms
which normalize L or if Γ has no outer automorphisms, then
OutRK/L,Γ ∼= NK(L)/L.
Remark. Theorem 1.5 was proved by S. Gefter in [7], where he con-
structed the first and only example of type II1 equivalence relations
without outer automorphisms. Indeed, by a well known arithmetic
construction (cf. [17] 5.2.12) certain lattices Γ ⊂ G := SO(p, q) ad-
mit dense embeddings into the compact group K := SO(n) where
n = p+ q. Take p > q ≥ 2 to ensure rkR(G) ≥ 2 and let L ∼= SO(n−1)
be the stabilizer of a point in the in K = SO(n) action on the sphere
Sn−1. Then NK(L) = L and since SO(n) has no outer automorphisms,
Aff(K/L) ∼= NK(L), which shows that OutR(K/L,Γ) is trivial.
In Theorem 1.5 the compact group K is taken to be a connected Lie
group to guarantee aperiodicity of the action. Higher rank lattices can
also be densely embedded in other compact groups, namely profinite
ones. Such embeddings give rise to ergodic actions which strongly vio-
late aperiodicity condition - they are inverse limits of finite quotients.
A typical example is the standard embedding
Γ := PSLn(Z)
ρ
−→K := PSLn(Zp).
It was observed by Gefter ([7] Rem 2.8) that in this case OutRK,Γ
contains a group isomorphic to PSLn(Qp), in such a way that
A(K,Γ) ∼= K = PSLn(Zp) ⊂ PSLn(Qp) ⊆ OutRK,Γ
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so that A(K,Γ) has infinite index in OutRK,Γ. We claim that the last
inclusion is essentially an equality. More generally
Theorem 1.6. Consider the natural dense embedding of Γ = PSLn(Z),
n ≥ 3, in the profinite group K =
∏r
i=1PSLn(Zpi) where {p1, . . . , pr}
is a finite set of distinct primes. Then OutRK,Γ is a Z/2 extension of
H =
r∏
i=1
PSLn(Qpi)
with the transpose map (k1, . . . , kr) 7→ (k
t
1, . . . , k
t
r) of K giving rise to
the Z/2 extension.
Another family of standard examples is described by the following
Theorem 1.7. Let Γ ⊂ G be a higher rank lattice as in Theorem 1.1,
H be a connected Lie group, Λ ⊂ H be a closed subgroup so that H/Λ
carries an H-invariant probability measure mH/Λ, and assume that H
does not admit surjective homomorphisms σ : H → G with σ(Λ) ⊆ Γ.
Suppose that there exists a homomorphism ρ : G → H such that each
of the simple factors Gi of G acts ergodically on (H/Λ, mH/Λ). Then
for the Γ-action on (H/Λ, mH/Λ) one has
OutR(H/Λ,Γ) = A
∗(H/Λ, Γ) ∼= NAff(H/Λ)(ρ(Γ))/ρ(Γ)
A(H/Λ,Γ) ∼= Aut(H/Λ,Γ) ∼= CAff(H/Λ)(ρ(Γ))
Corollary 1.8. Let Γ ⊂ G be a higher rank lattice as in Theorem 1.1,
H be a connected semi-simple Lie group with trivial center, ρ : G →֒ H
be an embedding and let Λ ⊂ H be an irreducible lattice. Assume that
either ρ is a proper embedding, i.e. G 6≃ H, or that ρ : G → H is an
isomorphism but Λ is not abstractly isomorphic to a subgroup of finite
index in Γ. Then the Γ-action on (H/Λ, mH/Λ) by left translations is
ergodic, irreducible and aperiodic and the orbit relation RH/Λ,Γ has
OutR(H/Λ,Γ) = A
∗(H/Λ,Γ) ∼= NAff(H/Λ)(ρ(Γ))/ρ(Γ)
This group contains the centralizer CH(ρ(G)) as a normal subgroup of
finite index dividing |OutΛ| · |Out Γ|.
Remark. Corollary 1.8 also allows to construct ergodic equivalence
relations without outer automorphisms. Indeed if a simple Lie group
G 6≃ SL2(R) has no outer automorphisms, then maximal lattices Γ
in G have trivial Out Γ as well. Choosing two non-commensurable
maximal lattices Γ,Λ in such a G one obtains an equivalence relation
RG/Λ,Γ without outer automorphisms. Similarly, one can find proper
embeddings G ⊂ H where G and H are simple higher rank Lie groups
with OutG, OutH , CH(G) all being trivial. Then for any choice of
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maximal lattices Γ ⊂ G, Λ ⊂ H , the Γ-action on H/Λ gives RH/Λ,Γ
without outer automorphisms.
All the examples discussed so far had the property that the original
system (X, µ,Γ) did not admit measurable Γ-equivariant quotients of
the form (G/Γ′, mG/Γ′ ,Γ); and therefore Theorem 1.1 allowed to con-
clude that OutRX,Γ = A
∗(X,Γ) ∼= Aut∗(X,Γ)/Γ. The following result
analyzes what happens if this assumption is not satisfied.
Theorem 1.9. Let Γ ⊂ G be a higher rank lattice as in Theorem 1.1
and let Γ-act on (G/Γ, mG/Γ) by left translations. Then for the corre-
sponding orbit relation RG/Γ,Γ
[OutRG/Γ,Γ : A
∗(G/Γ,Γ)] = 2
A(G/Γ,Γ) ∼= Aut(G/Γ,Γ) ∼= {1}
A
∗(G/Γ,Γ) ∼= Out Γ
OutR(G/Γ,Γ) ∼= (Z/2Z)×Out Γ
More generally, for any n ∈ N the diagonal left Γ-action on the product
space (Gn/Γn, mGn/Γn) satisfies
[OutR(Gn/Γn,Γ) : A
∗(Gn/Γn,Γ)] = n+ 1
A(Gn/Γn,Γ) ∼= Aut(Gn/Γn,Γ) ∼= Sn
A
∗(Gn/Γn,Γ) ∼= Sn ×OutΓ
OutR(Gn/Γn,Γ) ∼= Sn+1 ×OutΓ
where Sn denotes the permutation group on {1, . . . , n}.
For the diagonal Γ-action on the infinite product (X, µ) = (G/Γ, mG/Γ)
Z,
the index [OutR(X,Γ) : A
∗(X,Γ)] is infinite countable
A(X,Γ) ∼= Aut(X,Γ) ∼= S∞
A
∗(X,Γ) ∼= S∞ ×OutΓ
OutR(X,Γ) ∼= S∞+1 ×OutΓ
where S∞ denotes the full permutation group on Z, and S∞+1 the per-
mutation group of Z ∪ {pt} to suggest that the embedding A∗(X,Γ) ⊂
OutRX,Γ corresponds to the natural embedding S∞ ⊂ S∞+1 direct prod-
uct with OutΓ.
Let R be an ergodic II1-relation on a probability space (X, µ), and
E ⊂ X be a measurable subset with µ(E) > 0. The restriction RE :=
R ∩ (E × E) of R to E is a II1-ergodic relation with respect to the
normalized measure µE := µ(E)
−1·µ|E. Since InnR acts transitively on
subsets of the same size (Lemma 2.1) for any F ⊂ X with µ(F ) = µ(E)
the relation RF on (F, µF ) is isomorphic to RE on (E, µE). Hence given
a II1-relation R, for every 0 < t ≤ 1 there is a well defined, up to
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isomorphism, ergodic II1-relation Rt obtained from R by restriction to
a subset of measure t. (Realizing (X, µ) as the unit interval [0, 1] one
may think of Rt as the restriction of R to the sub-interval [0, t]).
If R has an additional property that Rt 6∼= Rs for all 0 < t 6= s ≤ 1,
one says that R has a trivial fundamental group. Gefter and Golodec
[8] proved that orbit relations R = RX,Γ generated by free, ergodic,
irreducible m.p. actions of higher rank lattices Γ always have trivial
fundamental groups. (Recent work [5] of Gaboriau gives other classes
of such relations).
Regardless whether the fundamental group of R is trivial or not, all
restricted relations Rt obtained from a given ergodic II1-relation R have
the same outer automorphism group: OutRt ∼= OutR (see Lemma 2.2).
Hence
Theorem 1.10. Let Γ ⊂ G and (X, µ,Γ) be as in Theorem 1.2. For
0 < t ≤ 1 let Rt denote the (isomorphism class of) equivalence relation
obtained from R := RX,Γ by a restriction to a subset Et ⊂ X of mea-
sure µ(Et) = t. Then {Rt}0<t≤1 is a family of mutually non-isomorphic
ergodic equivalence relations of type II1 with the same outer automor-
phism group OutRt ∼= OutRX,Γ. In particular, there exist uncountably
many mutually non-isomorphic ergodic relations with trivial outer au-
tomorphism groups.
Remarks. (a) In [3] Thm D (1)–(2) it is shown that for an ergodic
action (X, µ,Γ) of a lattice Γ in a simple higher rank Lie group
G, there is a countable setMX,Γ ⊂ R so that for t ∈ (0, 1)\MX,Γ
the relation Rt cannot be generated by a free (mod 0) action
of any group. Therefore Theorem 1.10 provides a variety of
examples of such exotic relations without outer automorphisms.
(b) In a recent work [11] Monod and Shalom develop a new type of
”higher rank” superrigidity theorems for products of hyperbolic-
like groups. Using this new tool and the methods of the cur-
rent paper Monod and Shalom construct uncountably many non
weakly equivalent relations R of type II1 with trivial OutR (see
[11] Thm 1.12).
Organization of the paper. Section 2 contains some general facts
about II1-relations. In section 3 we discuss the Measure Equivalence
point of view which provides a convenient framework for the study of
OutRX,Γ/A
∗(X,Γ). Special features of higher rank lattices, especially
superrigidity for cocycles, are used in section 4 in a construction of
Γ-equivariant standard quotients π : (X, µ) → (G/Γ, mG/Γ) associated
to every [T ] ∈ OutRX,Γ \ A
∗(X,Γ), which provide the proof of Theo-
rem 1.1. In section 5 we recall some ergodic-theoretic applications of
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Ratner’s theorem for actions on homogeneous spaces. These results are
used in section 6 to assemble the standard quotients for the proof of
Theorem 1.2, and in sections 7 and 8 to compute the outer automor-
phism groups for the standard examples. Section 9 contains the proof
of Theorem 1.6.
2. Generalities
Let R be an ergodic II1 relation on a non-atomic probability space
(X, µ). For readers convenience we include the proof of the following
standard fact
Lemma 2.1. For every measurable E, F ⊆ X with µ(E) = µ(F ) > 0
there exists T ∈ InnR so that µ(TE△F ) = 0.
Proof. By [1] Thm 1, there exists an action (X, µ,Γ) of some count-
able group Γ so that R = RX,Γ. Such an action is necessarily measure-
preserving and ergodic. For any measurable subsets A,B ⊆ X let
c(A,B) := supγ µ(γA∩B). Ergodicity implies that c(A,B) > 0 when-
ever µ(A) > 0 and µ(B) > 0. Let E0 := E, F0 := F and define by
induction on n ≥ 1 measurable sets En, Fn ⊆ X and elements γn ∈ Γ
as follows: given En, Fn choose γn so that
µ(γnEn ∩ Fn) ≥ c(En, Fn)/2
and let En+1 := En \ γ
−1
n Fn, Fn+1 := Fn \ γnEn. Set E∞ := ∩En,
F∞ := ∩Fn. We have µ(E∞) = µ(F∞) because µ(En) = µ(Fn) for all
finite n. In fact µ(E∞) = µ(F∞) = 0. Indeed, otherwise one would
have c(En, Fn) ≥ c := c(E∞, F∞) > 0 for all n, contrary to the choice
of γn at the stage where µ(En \ En+1) < c/2. Hence E
′
n := En \ En+1
and F ′n := Fn \ Fn+1 constitute measurable partitions of E and F re-
spectively. Defining T (x) to be γn ·x if x ∈ E
′
n and T (x) = x for x 6∈ E,
we get the desired T ∈ InnR.
Given an ergodic II1-relation R on (X, µ), and a positive measure
subset E ⊆ X we denote by RE the restricted relation R ∩ (E ×E) on
(E, µE), where µE = µ(E)
−1 · µ|E.
Lemma 2.2. For a measurable set E ⊆ X with µ(E) > 0
OutRE ∼= OutR.
Proof. First observe that any T ∈ AutRE can be extended to a T¯ ∈
AutR. To see this choose some measurable partition X = E ∪ X1 ∪
· · ·XN so that 0 < µ(Xi) ≤ µ(E); and choose measurable subsets Ei
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E with µ(Ei) = µ(Xi). By Lemma 2.1 there exist Si, Ri ∈ InnR so that
Si(Xi) = Ei and Ri(Xi) = T (Ei). Define T¯ by T¯ (x) = R
−1
i ◦ T ◦ Si(x)
for x ∈ Xi and T¯ (x) = T (x) for x ∈ E to get a desired T¯ ∈ AutR.
This extension procedure is well defined on the level of outer classes.
In other words if T¯ , S¯ ∈ AutR are some extensions of some T, S ∈
AutRE , then [T ] = [S] ∈ OutRE iff [T¯ ] = [S¯] ∈ OutR. Indeed for
µ-a.e. x ∈ X choose y ∈ E so that x ∼ y and observe that
T¯ (x) ∼ T¯ (y) = T (y) and S(y) = S¯(y) ∼ S¯(x)
Hence T¯ (x) ∼ S¯(x) for µ-a.e. x ∈ X iff T (y) ∼ S(y) for µE-a.e. y ∈ E.
Thus there is a well defined injective map OutRE → OutR, which is
easily seen to be a homomorphism of groups. To verify its surjectivity,
note that given any T¯ ∈ AutR there is an S¯ ∈ InnR with S¯(T¯ (E)) = E.
Thus T¯ ′ := S¯ ◦ T¯ maps E to itself, and [T¯ ] = [T¯ ′] ∈ OutR appears as
an extension of [T ′|E] ∈ OutRE .
For the rest of the section we consider a free (mod 0) ergodic m.p.
action (X, µ,Γ) of some countable group Γ, denoting by RX,Γ the cor-
responding orbit relation.
Lemma 2.3 (Gefter [7] Lemmas 2.6, 3.2). Let (X, µ,Γ) be a free m.p.
ergodic action of a countable group Γ.
(a) If Γ has Infinite Conjugacy Classes then Aut(X,Γ)
ǫ
−→A(X,Γ)
is an isomorphism.
(b) If Γ has the property that any τ ∈ Aut Γ with γτ = γ on a finite
index subgroup γ ∈ Γ0 ⊆ Γ has to be the identity, then
Ker(Aut∗(X,Γ)
ǫ
−→A∗(X,Γ)) = {x 7→ γ · x}γ∈Γ ∼= Γ
In particular, the conclusions of (a) and (b) hold for any free ergodic
action (X, µ,Γ) of an irreducible lattice Γ in a semi-simple Lie group
G 6≃ SL2(R).
Proof. (a) Any T ∈ Aut(X,Γ) ∩ InnRX,Γ has the form T : x→ ξx · x
for some measurable x 7→ ξx ∈ Γ and satisfies T (γ ·x) = γ ·T (x). Hence
γ ξx · x = γ · T (x) = T (γ · x) = ξγ·x γ · x
which gives ξγ·x = γ ξx γ
−1 because the action is assumed to be free
(mod 0). Thus the distribution ξ∗µ of ξx on Γ is conjugation invariant,
and therefore is uniform on finite conjugacy classes of Γ, i.e. supported
on e. Hence T (x) = x and Ker(Aut(X,Γ)
ǫ
−→A(X,Γ)) is trivial.
(b) Any T ∈ Autτ (X,Γ) ∩ InnRX,Γ satisfies
T (x) = ξx · x, T (γ · x) = γ
τ · T (x)
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which gives ξγ·x = γ
τ ξx γ
−1. For ξ ∈ Γ let Eξ := {x ∈ X | ξx = ξ}.
Then γEξ = Eγτ ξγ−1 . Observe that for ξ 6= ξ
′ ∈ Γ one has µ(Eξ∩Eξ′) =
0 because the action is free (mod 0). Hence choosing ξ0 ∈ Γ with
µ(Eξ0) > 0 we have γ
τξ0γ
−1 = ξ0 (equivalently ξ
−1
0 γ
τξ0 = γ) for all γ
in a finite index subgroup Γ0 ⊆ Γ. It follows from the assumption that
γτ = ξ0γξ
−1
0 for all γ ∈ Γ, so that T : x 7→ ξ0 · x.
Finally, for an irreducible lattice Γ ⊂ G 6≃ SL2(R) the ICC is a stan-
dard fact (easy for the group G itself and follows for Γ using Borel’s
density theorem), while the condition for (b) follows from the Strong
Rigidity Theorem.
Given T ∈ AutRX,Γ define a measurable map αT : Γ×X → Γ by
T (γ · x) = αT (γ, x) · T (x) (2.1)
Note that αT (γ, x) is well defined (mod 0) due to the freeness assump-
tion on the action. Furthermore, one easily verifies the cocycle property
αT (γ2γ1, x) = αT (γ2, γ1 · x)αT (γ1, x)
for all γ1, γ2 ∈ Γ and µ-a.e. x ∈ X . The cocycle αT : Γ × X → Γ
will be called the rearrangement cocycle associated to T ∈ AutRX,Γ.
Rearrangement cocycles (as opposed to general ones) have the following
special property: for µ-a.e. x ∈ X the correspondence γ ∈ Γ 7→
αT (γ, x) ∈ Γ is a permutation of Γ elements.
Two (general) cocycles α, β : Γ×X → Γ are said to be cohomologous
in Γ if there exists a measurable map x 7→ ξx ∈ Γ, such that
α(γ, x) = ξ−1γ·x β(γ, x) ξx
for all γ ∈ Γ and µ-a.e. x ∈ X . We denote by [α]Γ the equivalence
class of all measurable cocycles cohomologous (in Γ) to α. Note the very
special cocycle c1 : Γ×X → Γ given by c1(γ, x) = γ, and for a general
τ ∈ Aut Γ let cτ : Γ×X → Γ stand for the cocycle cτ (γ, x) = γ
τ .
Proposition 2.4. Let T, S ∈ AutRX,Γ be relation automorphisms,
[T ], [S] ∈ OutRX,Γ the corresponding classes, and αT , αS : Γ×X → Γ
denote the associated rearrangement cocycles. Then
(a) αT◦S(γ, x) = αT (αS(γ, x), S(x)).
(b) αT = c1 ⇔ T ∈ Aut(X,Γ).
(c) αT = cτ ⇔ T ∈ Aut
τ (X,Γ).
(d) [αT ]Γ = [cτ ]Γ ⇔ [T ] ∈ A
[τ ](X,Γ).
Proof. For T, S ∈ AutRX,Γ compute
T ◦ S(γ · x) = T (αS(γ, x) · S(x)) = αT (αS(γ, x), S(x)) · T (S(x))
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This proves (a). Statements (b) and (c) follow from the definitions.
Proof of (d). Any [T ] ∈ A[τ ](X,Γ) can be represented by T = A ◦ J
where A ∈ Autτ (X,Γ) and J ∈ InnRΓ is given by J : x 7→ ξ
−1
x · x.
Then for all γ ∈ Γ and µ-a.e. x ∈ X
T (γ · x) = A(ξ−1γ·x γ · x) =
(
ξ−1γ·x γ
)τ
· A(x)
=
(
ξ−1γ·x
)τ
γτ ξτx · A(ξ
−1
x · x) = ζ
−1
γ·x γ
τ ζx · T (x)
where ζx = (ξx)
τ ∈ Γ. Hence
αT (γ, x) = ζ
−1
γ·x γ
τ ζx (2.2)
and [αT ]Γ = [cτ ]Γ.
On the other hand, assuming that the rearrangement cocycle αT
associated with T ∈ AutRΓ satisfies (2.2) for some τ ∈ Aut Γ and
a measurable x 7→ ζx ∈ Γ, set ξx = (ζx)
τ−1 and consider the map
A : X → X , defined by A(x) := ζx · T (x). We have
A(γ · x) = ζγ·x · T (γ · x) = ζγ·x ζ
−1
γ·xγ
τζx · T (x)
= γτ · (ζx · T (x)) = γ
τ · A(x)
The pushforward measure A∗µ is absolutely continuous with respect to
µ (recall that Γ is countable) and Γ-invariant. Ergodicity of the action
implies that A∗µ = µ, so that A is invertible. Thus A ∈ Aut
τ (X,Γ),
while the map J := A−1 ◦ T is a measure space automorphism. Since
ξx · J(x) = ξx · A
−1(T (x)) = A−1(ζx · T (x)) = x
the map J(x) = ξ−1x · x is an inner automorphism.
3. Measure Equivalence point of view
The following notion of Measure Equivalence Coupling, introduced
by Gromov in [9] 0.5.E and considered in [2] and [3] by the author, pro-
vides a very convenient point of view on orbit relation automorphisms.
Definition. A Measure Equivalence Coupling of two (infinite) count-
able groups Γ and Λ is an (infinite) Lebesgue measure space (Ω, m) with
two commuting, free, measure preserving actions of Γ and Λ , such that
each of the actions has a finite measure fundamental domain.
We shall use left and right notations for the Γ and Λ actions
γ : ω 7→ γω, λ : ω 7→ ωλ
in order to emphasize that the actions commute. For our current pur-
poses we shall only need self ME-couplings (Ω, m) of Γ, i.e. Measure
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Equivalence Couplings of Γ with itself. Given such a coupling (Ω, m)
let X, Y ⊂ Ω be some fundamental domains for the right and the
left Γ-actions on (Ω, m) respectively. Define the associated measurable
maps
λ = λX : Γ×X → Γ, ρ = ρY : Y × Γ→ Γ
by requiring that for a.e. x ∈ X (resp. y ∈ Y ) one has γx ∈ Xλ(γ, x)
(resp. yγ ∈ ρ(y, γ)Y ). The left Γ-action on Ω/Γ (resp. the right Γ-
action on Γ\Ω), always denoted by a dot ′′·′′, can be identified with the
measure preserving Γ-action on X with the finite Lebesgue measure
mX = m|X (resp. on Y with mY = m|X) defined by
γ · x = γ x λ(γ, x)−1, y · γ = ρ(y, γ)−1yγ
With respect to these left and right Γ-actions λX and ρY become mea-
surable left and right cocycles respectively, namely satisfy:
λ(γ1γ2, x) = λ(γ1, γ2 · x)λ(γ2, x), ρ(y, γ1γ2) = ρ(y, γ1)ρ(y · γ1, γ2)
We shall say that a self ME-coupling (Ω, m) is ergodic if the Γ-action
on (X,m|X) is ergodic, which is equivalent to the ergodicity of the
Γ× Γ-action on the infinite space (Ω, m) (see [2] Lem 2.2).
With the fundamental domain X ⊂ Ω for Ω/Γ being fixed, all fun-
damental domains X ′ ⊂ Ω for Ω/Γ are in one-to-one correspondence
with measurable maps x 7→ ξx ∈ Γ: given a fundamental domain X
′
one sets ξx = γ, if xγ ∈ X
′, while given a measurable x 7→ ξx ∈ Γ one
takes
X ′ := {xξx | x ∈ X}
The left Γ-actions on X ′ and X are naturally identified via θ : X → X ′,
θ : x 7→ xξx, and the cocycles λX : Γ ×X → Γ, λX′ : Γ×X
′ → Γ are
conjugate
λX′(γ, θ(x)) = ξ
−1
γ·x λX(γ, x) ξx (3.1)
Similar statements hold for the right actions, their fundamental do-
mains and the associated cocycles.
If X ⊂ Ω is a fundamental domain for both left and right Γ-actions,
we shall say that X is a two-sided fundamental domain.
Lemma 3.1 (see [3] Thm 3.3). Let (Ω, m) be an ergodic self ME-
coupling of some group Γ, and let X, Y ⊂ Ω be right and left fun-
damental domains for Ω/Γ and Γ\Ω respectively. Then Ω admits a
two-sided fundamental domain Z iff m(X) = m(Y ).
Proof. Obviously all left fundamental domains have the same m-
measure and the same holds for right fundamental domains. Thus
the existence of a two-sided fundamental domain Z implies m(X) =
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m(Z) = m(Y ). Now assume that m(X) = m(Y ). It is well known that
ergodic m.p. actions on finite or infinite Lebesgue spaces the full group
acts transitively on sets of the same measure (Lemma 2.1 for the finite
measure case). Using the ergodicity of the Γ× Γ-action on (Ω, m) the
condition m(X) = m(Y ) implies that there exist measurable partitions
X =
⋃
i,j Xi,j, Y =
⋃
i,j Yi,j, and elements γ
′
i ∈ Γ and γ
′′
j ∈ Γ, so that
Yi,j = γ
′
i
−1Xi,jγ
′′
j . Then⋃
i,j
Xi,jγ
′′
j and
⋃
i,j
γ′iYi,j
give the same set Z ⊂ Ω. Being formed by piecewise right Γ-translates
of X ∼= Ω/Γ, the set Z is a right fundamental domain for Ω/Γ; and at
the same time being formed by piecewise left Γ-translates of Y ∼= Γ\Ω,
the same set Z is a left fundamental domain for Γ\Ω.
Now consider a free m.p. action (X, µ,Γ) of some countable group Γ
and let RX,Γ be the corresponding orbit relation. Given T ∈ AutRX,Γ
consider the infinite measure space (Ω, m) := (X × Γ, µ × mΓ) with
two commuting Γ-actions, as usual written from the left and from the
right:
γ1 (x, γ) := (γ1 · x, αT (γ1, x) γ), (x, γ) γ2 := (x, γγ2)
where αT : Γ × X → Γ is the rearrangement cocycle associated with
T ∈ AutRX,Γ. The space (Ω, m) with thus defined Γ×Γ-actions forms
an ergodic self ME-coupling of Γ, because X¯ := X × {eΓ} ⊂ Ω is a
two-sided fundamental domain. The fact that X¯ is a right fundamental
domain is obvious. To see that X¯ is a left fundamental domain recall
that for a.e. x ∈ X the map γ 7→ αT (γ, x) is a bijection of Γ, so for
m-a.e. (x, γ1) there is a unique γ ∈ Γ with αT (γ, x) = γ
−1
1 which gives
γ (x, γ1) = (γ · x, αT (γ, x)γ1) ∈ X¯ = X × {e}
Also observe that
λX¯(γ, x) = αT (γ, x) (3.2)
Lemma 3.2. Let (Ω, m) = (X × Γ, µ × mΓ) be a self ME-coupling
corresponding to T ∈ AutRX,Γ. There is a one-to-one correspondence
between two-sided fundamental domains X¯ ′ ⊂ Ω and
T ′ ∈ AutRX,Γ with [T
′] = [T ] ∈ OutRX,Γ (3.3)
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where X¯ ′ = {(x, ξx) | x ∈ X} corresponds to T
′ : x 7→ ξ−1x · T (x).
Moreover
αT ′(γ, x) = λX¯′(γ, (x, ξx)) = ξ
−1
γ·xλX¯(γ, (x, e)) ξx = ξ
−1
γ·xαT (γ, x) ξx
Proof. Suppose that X¯ ′ ⊂ Ω = X × Γ is a two-sided fundamental
domain. The fact that both X¯ = X×{e} and X¯ ′ are right fundamental
domains implies that X¯ ′ is of the form {(x, ξx) | x ∈ X} for some
measurable ξ : X → Γ. In order to verify (3.3) for the map T ′ :
X → X , T ′ : x 7→ ξ−1x · T (x), it suffices to check that T
′ is one-to-one
(mod 0), the relations between the cocycles αT ′, λX¯′, λX¯ and αT being
straightforward.
Assume that T ′(x) = T ′(y) which means ξ−1x · T (x) = ξ
−1
y · T (y).
Then T (x) and T (y) are on the same Γ-orbit in X , and so are x and
y, i.e. y = γ · x for some γ ∈ Γ. Thus
ξ−1x · T (x) = ξ
−1
γ·x · T (γ · x) = ξ
−1
γ·x αT (γ, x) · T (x)
which means that ξγ·x = αT (γ, x) ξx. In Ω we have
γ(x, ξx) = (γ · x, αT (γ, x)ξx) = (γ · x, ξγ·x)
with both (x, ξx) and (γ · x, ξγ·x) in X¯
′. Since X¯ ′ is a two-sided funda-
mental domain, in particular a left fundamental domain, it follows that
γ = e and x = y. Hence T ′ is indeed a measure space automorphism
of (X, µ) and the rest of its properties follow automatically. The fact
that T ′ as in (3.3) gives rise to a two-sided fundamental domain X¯ ′ is
proved by back tracking the above argument.
Next consider an equivariant quotient map Φ : (Ω, m)→ (Ω0, m0) of
self ME-couplings of Γ, i.e. a measurable map Φ : Ω→ Ω0 such that
Φ∗m = m0 and Φ(γ1ωγ2) = γ1Φ(ω) γ2
Observe that the preimage X := Φ−1(X0) (resp. Y := Φ
−1(Y0)) of
any right fundamental domain X0 ⊂ Ω0 (resp. any left fundamental
domain Y0 ⊂ Ω0) is a right (resp. left) fundamental domain in Ω. If
X = Φ−1(X0) we shall say that X ⊂ Ω and X0 ⊂ Ω0 are Φ-compatible.
Note also that if (Ω, m) is an ergodic coupling then so is (Ω0, m0), and
if (Ω, m) admits a two-sided fundamental domain then
m0(X0) = m(X) = m(Y ) = m0(Y0)
so that (Ω0, m0) also admits a two-sided fundamental domain Z0, and
taking Z := Φ−1(Z0) we obtain a two-sided fundamental domain for
(Ω, m) which is Φ-compatible with Z0 ⊂ Ω0.
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Observe that for Φ-compatible right fundamental domains X ⊂ Ω
and X0 ⊂ Ω0 one has
λX(γ, ω) = λX0(γ,Φ(ω))
Realizing the natural left Γ-action on (Ω, m)/Γ by the Γ-action
γ : x 7→ γ · x = γ x λX(γ, x)
−1
on a Φ-compatible fundamental domain X ⊂ Ω, one obtains a Γ-
equivariant quotient map X
Φ
−→X0 which is a concrete realization of
the left Γ-equivariant map (Ω, m)/Γ→ (Ω0, m0)/Γ defined by Φ. This
discussion is summeraized by the following
Proposition 3.3. Let (X, µ,Γ) be a free, ergodic, measure preserv-
ing action, T ∈ AutRX,Γ and let (Ω[T ], m) be the corresponding self
ME-coupling of Γ. Assume that (Ω[T ], m) has an equivariant quo-
tient ME-coupling Φ : (Ω[T ], m) → (Ω0, m0). Fix a two sided funda-
mental domain X0 ⊂ Ω0, denote by (X0, µ0,Γ) the left Γ-action on
(X0, µ0) ∼= (Ω0, m0)/Γ, and let
π : (X, µ,Γ)→ (X0, µ0,Γ)
denote the Γ-equivariant quotient map induced by Φ. Then there exists
a Tˆ ∈ AutRX,Γ with [T ] = [Tˆ ] ∈ OutRX,Γ so that
αTˆ (γ, x) = λX0(γ, π(x)).
4. Superrigidity and Standard Quotients
In this section we specialize to actions of irreducible lattices Γ in
higher rank semi-simple Lie groups G.
Proposition 4.1 (see [2] Thm 4.1). Let G be a semi-simple, con-
nected, center-free, real Lie group without non-trivial compact factors
and with rkR(G) ≥ 2. Let Γ ⊂ G be an irreducible lattice and (X, µ,Γ)
be a measure preserving, ergodic, irreducible, essentially free Γ-action.
Given any T ∈ AutRX,Γ let (Ω[T ], m) be the associated self ME-coupling
as in section 3. Then there exists a well defined class [τ ] ∈ OutG so
that given any representative τ of [τ ] there exists a measurable map
Φ : Ω[T ] → G defined uniquely (mod 0) so that
Φ(γ1ωγ2) = γ
τ
1Φ(ω)γ2 (γ1, γ2 ∈ Γ)
and one of the following two alternatives holds:
(a) either Φ∗m coincides with the Haar measure mG on G, normal-
ized so that Γ has covolume one, or
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(b) Φ∗m is an atomic measure of the form
1
k
k∑
i=1
∑
γ∈Γ
δgiγ
where {gi}
k
1 ⊂ G are such that {g1Γ, . . . , gkΓ} is a single finite
τ(Γ)-orbit on G/Γ. In particular, Γ has a subgroup Γ1 of index
k so that τ(Γ1) has index k in g1Γg
−1
1 , and τ(Γ) and Γ are
commensurable.
If the Γ-action on (X, µ) is aperiodic, then either (a) holds or in alter-
native (b) we have k = 1 which means that
(b’) Φ∗m coincides with the counting measure mΓ′ on Γ
′ = τ(Γ) ⊂ G
where τ(Γ) = gΓg−1 for some g ∈ G.
This proposition is essentially [2] Thm 4.1, the proof of which is
based on Zimmer’s superrigidity for cocycles and Ratner’s theorem. In
[2] the statement is formulated in a slightly different form and only for
lattices in higher rank simple Lie groups. Since we need some details
of the proof to be used later, we include the main arguments here.
Fix a T ∈ AutRX,Γ representing [T ] and consider the rearrangement
cocycle αT : Γ × X → Γ ⊂ G as a G-valued cocycle. This cocycle is
Zariski dense in G (this is a form of Borel’s density theorem, see [17]
p. 99, or [2] Lemma 4.2). Thus the assumption that Γ is a higher rank
lattice with an irreducible action on (X, µ) allows to apply Zimmer’s
superrigidity for measurable cocycles theorem [17] (in [2] Thm 4.1 we
did not use irreducibility of the action and therefore had to restrict the
discussion to lattices in higher rank simple groups G). Hence there
exists a Borel map φ : X → G and a homomorphism τ : Γ → G, so
that
αT (γ, x) = φ(γ · x)
−1 γτ φ(x) (4.1)
for γ ∈ Γ and µ-a.e. x ∈ X . By Margulis’ superrigidity τ extends to a
G-automorphism and we denote by τ ∈ AutG this extension. Defining
the map Φ : Ω[T ] = X × Γ→ G by
Φ(x, γ) := φ(x)γ (4.2)
one verifies
Φ(γ1(x, γ)γ2) = Φ(γ1 · x, αT (γ1, x)γγ2) = φ(γ1 · x)αT (γ1, x)γγ2
= φ(γ1 · x)φ(γ1 · x)
−1γτ1 φ(x) γ γ2
= γτ1 Φ(x, γ) γ2
Choose F ⊂ G a Borel fundamental domain for G/Γ and let X¯ ′ :=
Φ−1(F ). Hence X¯ ′ ⊂ Ω[T ] is a fundamental domain for Ω[T ]/Γ so that
20 ALEX FURMAN
m(X¯ ′) = 1. This implies that the pushforward measure m0 := Φ∗m
on G has m0(F ) = 1 (in particular m0 is finite on compact sets) while
the restriction m0|F defines a regular Borel probability measure µ0 on
G/Γ, which is invariant and ergodic for the left τ(Γ)-action.
An application of Ratner’s theorem (see [2] Lem 4.6 with an easy
modification needed to handle semi-simple rather simple Lie groups)
implies that µ0 is either (i) µ0 = mG/Γ - the normalized Haar measure
mG/Γ, or (ii) is an atomic measure.
In case (i) the map Φ defined in (4.2) clearly maps m on Ω[T ] to the
Haar measure mG as in Proposition 4.1 (a). The uniqueness statements
in Proposition 4.1 follow from [2] Thm 4.1.
In case (ii) the atomic τ(Γ)-invariant measure µ0 on G/Γ has to
be concentrated on a single finite τ(Γ)-orbit {g1Γ, . . . , gkΓ} with equal
weights 1/k. Let Γ1 be the stabilizer of g1Γ ∈ G/Γ. Then [Γ : Γ1] = k
and τ(Γ1)g1Γ = g1Γ i.e. τ(Γ1) has index k in g1Γg
−1
1 .
The preimage Ω1 = Φ
−1(g1Γ) is Γ1×Γ-invariant set which gives rise
to a measurable Γ1-invariant subset X1 of X with µ(X1) = 1/k. If Γ-
action on (X, µ) is aperiodic, then necessarily k = 1 andm0 =
∑
γ∈Γ δgγ
and τ(Γ) = gΓg−1.
Remark. The uniqueness of Φ[T ] in particular implies that the re-
arrangement cocycle αT can be written in the form (4.1) with the mea-
surable map φ : X → G being uniquely defined (mod 0) as soon as
a representative τ ∈ AutG of [τ ] ∈ OutG is chosen. Hereafter this
unique “straightening” map φ will be denoted by φT,τ .
Theorem 4.2 (Standard Quotients). Let G be a semi-simple, con-
nected, center-free, real Lie group without non-trivial compact factors
and with rkR(G) ≥ 2; Γ ⊂ G - an irreducible lattice and (X, µ,Γ)
be a measure preserving, ergodic, irreducible, essentially free Γ-action.
Then every [T ] ∈ OutRX,Γ defines a unique class [τ ] ∈ OutG such that
given any representative τ ∈ AutG of [τ ] there is a measurable map
π : X → G/Γ, defined uniquely (mod 0) and satisfying
π(γ · x) = τ(γ) · π(x)
for µ-a.e. x ∈ X and all γ ∈ Γ. There are two alternatives:
either the following equivalent conditions hold:
(a1) the distribution of φT,τ(x) on G is absolutely continuous with
respect to the Haar measure mG;
(a2) π∗µ = mG/Γ - the G-invariant probability measure on G/Γ;
(a3) there exists Tˆ ∈ AutRX,Γ with [Tˆ ] = [T ] and π(x) = φTˆ ,τ(x) Γ.
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or the following equivalent conditions hold:
(b1) the distribution of φT,τ (x) on G is purely atomic;
(b2) π∗µ = k
−1
∑k
1 δgiΓ where {g1Γ, . . . , gkΓ} is a finite τ(Γ)-orbit
on G/Γ; Γ contains a subgroup Γ1 of index k so that τ(Γ1) is
a subgroup of index k in g1Γg
−1
1 ; and X1 = π
−1({g1Γ}) is a
Γ1-ergodic components of (X, µ) with µ(X1) = 1/k;
(b3) there exists Tˆ ∈ AutRX,Γ with [Tˆ ] = [T ] and
φTˆ ,τ (x) = g1 for µ− a.e. x ∈ X1 ⊂ X.
If Γ-action on (X, µ) is aperiodic then conditions (a1)-(a3) above are
equivalent to
(a4) [T ] 6∈ A∗(X,Γ),
while their alternatives (b1)–(b3) are equivalent to
(b4) [T ] ∈ A∗(X,Γ);
moreover in (b2)–(b3) one has k = 1 and these conditions take the
following form:
(b2’) π∗µ = δgΓ where g ∈ G satisfies τ(Γ) = gΓg
−1;
(b3’) there exists Tˆ ∈ AutRX,Γ with [Tˆ ] = [T ] and
φTˆ ,τ (x) = g for µ−a.e. x ∈ X.
Proof. Consider the self ME-coupling (Ω[T ], m) with the corresponding
outer class [τ ] ∈ OutG. Given a choice τ ∈ AutG of [τ ] let
Φ : Ω[T ] → G
be the τ(Γ)×Γ-equivariant map as in Proposition 4.1. Then Φ uniquely
defines a measurable map
π : (X, µ,Γ) ∼= (Ω[T ], m)/Γ→ G/Γ, π(γ · x) = γ
τ · π(x)
Let us show that the alternatives (a) and (b) in Proposition 4.1 yield
mutually exclusive conditions (a1)–(a3) and (b1)–(b3) respectively.
In case (a) where Φ∗m = mG, (a1)–(a3) follow from Proposition 3.3
and the construction (4.2) of Φ.
Case (b): Φ∗m = k
−1
∑k
i=1
∑
γ∈Γ δgiγ where {g1Γ, . . . , gkΓ} is a single
τ(Γ)-orbit on G/Γ. Condition (b1) is clearly satisfied. Let
Γi = {γ ∈ Γ | γ
τgiΓ = giΓ} and Xi = π
−1({giΓ}).
where π : X → {g1Γ, . . . , gkΓ} is the Γ-equivariant map above. Then
conjugate groups Γi have index k in Γ, and Γ permutes the disjoint sets
Xi (and so µ(Xi) = 1/k) while each Xi is Γi-invariant for i = 1, . . . , k.
Moreover Γi acts ergodically on Xi because RXi,Γi = RX,Γ ∩ (Xi ×Xi).
This proves (b2).
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The setX0 = {g1, . . . , gk} forms a fundamental domain for the τ(Γ)×
Γ-action on G. The corresponding cocycle λX0 satisfies
λX0(γ1, g1) = g
−1
1 γ
τ
1g1 (γ1 ∈ Γ1)
Applying Proposition 3.3 we obtain Tˆ ∈ AutRX,Γ with [Tˆ ] = [T ] ∈
OutRX,Γ and
αTˆ (γ, x) = λX0(γ, π(x)) = g
−1
1 γ
τ g1 (4.3)
for all γ ∈ Γ1 and a.e. x ∈ X1 = π
−1({g1Γ}) = Φ
−1({g1}). We deduce
that φTˆ ,τ(x) = g1 for x ∈ X1, proving (b3).
If the Γ-action (X, µ) is aperiodic, one has k = 1 so that (b2), (b3)
take the form of (b2’), (b3’). Condition (b3) follows from (4.3) and
Proposition 2.4 (c). The latter also explains why (b4) is incompatible
with (a1)–(a3).
Proof fo Theorem 1.1. For τ ∈ AutG the Γ-action on G/τ−1(Γ)
is isomorphic to the τ -twisted Γ-action on G/Γ, both with the Haar
measure. Since (X, µ,Γ) is assumed not to have these actions among
its measurable quotients, any T ∈ AutRX,Γ fails condition (a2) in
Theorem 4.2, while satisfies the alternatives (b1-4), which means that
[T ] ∈ A∗(X,Γ).
5. Some applications of Ratner’s Theorem
In this section we recall some applications of Ratner’s Theorem (see
[12] and references therein). Note that in these results there are no
restrictions on the rank of the semi-simple group G. In fact the results
remain true whenever G is a connected Lie group generated by Ad -
unipotent elements and Γ ⊂ G is a closed subgroup so that G/Γ carries
a G-invariant probability measure.
Theorem 5.1 (cf. Ratner [12] Thm E2). Let Γ be an irreducible lattice
in a semi-simple connected real Lie group G, Λ and Λ′ be lattices in
some connected Lie groups H and H ′, ρ : G → H and ρ′ : G → H ′ be
continuous homomorphisms such that the Γ-actions
γ : hΛ 7→ ρ(γ)hΛ, γ : h′Λ′ 7→ ρ′(γ)h′Λ′
on (H/Λ, mH/Λ) and (H
′/Λ′, mH′/Λ′) are ergodic. Assume that there
exists a measurable Γ-equivariant quotient map
π : (H/Λ, mH/Λ)−→(H
′/Λ′, mH′/Λ′)
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Then there exists a t ∈ H ′ and a surjective continuous homomorphism
σ : H → H ′ such that
(i) σ(Λ) is a finite index subgroup of Λ′,
(ii) π(hΛ) = tσ(h)Λ′ for a.e. h ∈ H,
(iii) σ ◦ ρ(γ) = tρ′(γ)t−1 for γ ∈ Γ.
If π is one-to-one then σ : H → H ′ is an isomorphism and σ(Λ) = Λ′.
In particular, for the above Γ-action on (H/Λ, mH/Λ)
Aut∗(H/Λ, mH/Λ,Γ) ∼= NAff(H/Λ)(ρ(Γ))
In [15] Witte considers a more general question of a classification
of all measurable equivariant quotients (H/Λ, mH/Λ)→ (Y, ν) showing
that (Y, ν) has an algebraic description (slightly more general than
H ′/Λ′ as above). However Theorem 5.1 suffices for our purposes. It is
deduced from the more general Theorem 5.2 below by considering the
measure ν on H/Λ ×H ′/Λ′ obtained by the lift of mH/Λ to the graph
of π : H/Λ→ H ′/Λ′.
Theorem 5.2 (cf. Ratner [12] Thm E3). Let Γ ⊂ G, Λ ⊂ H, Λ′ ⊂ H ′,
ρ : G→ H and ρ′ : G→ H ′ be as in Theorem 5.1. Let ν be a probability
measure on H/Λ × H ′/Λ′ which projects onto mH/Λ and mH′/Λ′, and
is invariant and ergodic for the diagonal Γ-action
γ : (hΛ, h′Λ′) 7→ (ρ(γ)hΛ, ρ′(γ)h′Λ′)
Then there exist closed normal subgroups N ⊳ H, N ′ ⊳ H ′, an element
t ∈ H ′/N ′ and a continuous isomorphism σ1 from H1 := H/N to
H ′1 := H
′/N ′, so that
(i) Λ1 := ΛN ⊂ H1 and Λ
′
1 := Λ
′N ′ ⊂ H ′1 are lattices,
(ii) There are finite index subgroups ∆1 ⊆ Λ1, ∆
′
1 ⊆ Λ
′
1 so that
σ1(∆1) = ∆
′
1,
(iii) σ1 ◦ ρ(γ) = tρ
′(γ)t−1 for γ ∈ Γ,
(iv) The measure ν is N × N ′-invariant and its projection ν1 to
H1/Λ1 × H
′
1/Λ
′
1 can be obtained from the lift mf of mH1/∆1 to
the graph of H1/∆1
f
−→H ′1/∆
′
1 where f(h∆1) = tσ1(h)∆2, by
ν1 = p∗mf where p is a finite-to-one projection
(H1/∆1)× (H
′
1/∆
′
1)
p
−→(H1/Λ1)× (H
′
1/Λ
′
1).
Theorem [12] E3 and its corollary [12] E2 were proved by M. Ratner
as an application of the main theorem ([12] Thm 1). In all these results
the acting group is assumed to be generated by Ad -unipotent elements.
In order to deduce the results for actions of lattices Γ ⊂ G, needed for
our purposes, one uses the suspension construction replacing the Γ-
invariant measure ν on H/Λ × H ′/Λ′ by the G-invariant measure ν˜
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on G×ΓH/Λ×H
′/Λ′ and applying Ratner’s classification of invariant
measures ([12] Thm 1) to the action of the semi-simple group G which
is generated by Ad -unipotents. The reader is referred to the paper [13]
of Shah (Corollary 1.4) or Witte ([15] proof of Corollary 5.8) for the
precise argument.
6. Proofs of Theorem 1.2 and Corollary 1.3
Proof of Theorem 1.2. Let Γ ⊂ G and (X, µ,Γ) be as in Theo-
rem 1.2, and let n := [OutRX,Γ : A
∗(X,Γ)] ∈ {1, 2, . . . ,∞}. If n = 1
there is nothing to prove. If 1 < n ≤ ∞ set T0 = Id and choose repre-
sentatives Ti ∈ AutRX,Γ, 1 ≤ i < n, for the cosets A
∗(X,Γ)\OutRX,Γ.
In other words choose Ti so that for 0 ≤ i 6= j < n we have
[Ti][Tj ]
−1 6∈ A∗(X,Γ)
Since [Ti] 6∈ A
∗(X,Γ) for 1 ≤ i < n, by Theorem 4.2 (a) there are
τi ∈ AutG and measurable maps πi : X → G/Γ satisfying
(πi)∗µ = mG/Γ, πi(γ · x) = γ
τi · πi(x)
It remains to prove that the map
π : X−→
n−1∏
i=1
G/Γ, π(x) = (π1(x), π2(x), . . . )
takes µ onto the product measure mGn−1/Γn−1 =
∏n−1
i=1 mG/Γ. We shall
prove by induction on finite k in the range 1 ≤ k < n that the map
π(k)(x) := (π1(x), . . . , πk(x)) satisfies
π(k)∗ µ = mGk/Γk (6.1)
(Note that this is sufficient even if n =∞ because the infinite product
measure is determined by its values on finite cylinder sets). The case
k = 1 is covered by Theorem 4.2 (a2). Assuming (6.1) for k − 1 we
apply Theorem 5.2 to
H := Gk−1 Λ := Γk−1 ρ := τ1 × · · · × τk−1
H ′ := G Λ′ := Γ ρ′ := τk
and the probability measure ν := π
(k)
∗ µ on H/Λ × H ′/Λ′ = Gk/Γk.
By the induction hypothesis ν projects onto mH/Λ in the first factor,
and as [Tk] 6∈ A
∗(X,Γ), ν projects onto mH′/Λ′ in the second factor. If
N = H = Gk−1 then necessarily N ′ = H ′ = G, so that
ν = mH/Λ ×mH′/Λ′ = mGk/Γk
proving the induction step.
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It remains to show that the other alternative, namely N ⊳ Gk−1
and N ′ ⊳ G being proper normal subgroups, cannot occur. By Theo-
rem 5.2 (i) Λ1 = ΓN
′ ⊂ G/N ′ forms a lattice in G/N ′ which is possible
only if N ′ = {e} because Γ ⊂ G is irreducible. Thus N ⊳ Gk−1 is such
that Gk−1/N ∼= G and Γk−1N forms a lattice in Gk−1/N ∼= G. This
means that for some j ∈ {1, . . . , k − 1}
N = {(g1, . . . , gk−1) ∈ G
k−1 | gj = e}
σ1((g1, . . . , gk−1)N) = σ(gj)
where σ ∈ AutG is such that for some t ∈ G, σ ◦ τj(g) = tτk(g)t
−1 and
σ(∆) = ∆′ for some finite index subgroups ∆,∆′ ⊆ Γ. In this case the
distribution ν1 of the pairs (πj(x), πk(x)) on G/Γ×G/Γ is a projection
under the finite-to-one map
G/∆×G/∆′−→G/Γ×G/Γ
of the measure mf which is a lift of mG/∆ to the graph of
f : G/∆−→G/∆′, f(g∆) = tσ(g)∆′
By Theorem 4.2 (a3) there exist Tˆj and Tˆk ∈ AutRX,Γ with [Tˆj ] = [Tj ],
[Tˆk] = [Tk] so that for i = j, k the rearrangement cocycles
αi := αTˆi : Γ×X−→Γ
satisfy αi(γ, x) = φi(γ · x)
−1 γτi φi(x) with πi(x) = φi(x)Γ. The struc-
ture of the distribution ν1 of (πj(x), πk(x)) described above implies
that the distribution of (φj(x)
σ)−1φk(x) on G is purely atomic. Let
S := Tˆk ◦ Tˆ
−1
j ∈ AutRX,Γ and let σ
′ ∈ AutG and ψ = φS,σ′ : X → G
be such that
αS(γ, x) = ψ(γ · x)
−1 γσ
′
ψ(x)
Applying Proposition 2.4 (a) to Tˆk = S ◦ Tˆj we obtain that for all γ ∈ Γ
and µ-a.e. x ∈ X
φk(γ · x)
−1 γτk φk(x) = αk(γ, x) = αS
(
αj(γ, x), Tˆj(x)
)
= ψ
(
αj(γ, x) · Tˆj(x)
)−1
αj(γ, x)
σ′ ψ(Tˆj(x))
= ψ
(
Tˆj(γ · x)
)−1 (
φj(γ · x)
−1 γτj φj(x)
)σ′
ψ(Tˆj(x))
=
(
φj(γ · x)
σ′ψ(Tˆj(γ · x))
)−1
γσ
′◦τj
(
φj(x)
σ′ψ(Tˆj(x))
)
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Replacing σ′ by σ ∈ AutG (so that τk = σ ◦ τj) and changing ψ = φS,σ′
to φS,σ accordingly, we deduce that
φk(x) = φj(x)
σ φS,σ(Tˆj(x))
(φj(x)
σ)−1φk(x) = φS,σ(Tˆk(x))
Since the distribution of (φj(x)
σ)−1φk(x) is purely atomic, it follows
from Theorem 4.2 (b) that [S] ∈ A∗(X,Γ) and
[S] = [Tˆk ◦ Tˆ
−1
j ] = [Tk][Tj ]
−1 ∈ A∗(X,Γ)
contrary to the choice of [Ti]-s. Hence the induction step is verified and
the proof of Theorem 1.2 is completed.
Proof of Corollary 1.3. Suppose that [OutRX,Γ : A
∗(X,Γ)] ≥ n > 1.
Theorem 1.2 provides a Γ-equivariant quotient map
π : (X, µ,Γ)−→(Gn−1/Γn−1, mGn−1/Γn−1 ,Γ)
where in the right hand side Γ acts diagonally in each of the factors
(G/Γ, mG/Γ,Γ
τi). For diagonal actions the entropy is additive, so for
every γ ∈ Γ one has
h(X, γ) ≥ h(Gn−1/Γn−1, mGn−1/Γn−1 , γ)
=
n−1∑
i=1
h(G/Γ, mG/Γ, γ
τi) = (n− 1) · χ(Ad γ)
which gives (1.1).
In the context of smooth actions of Γ on a compact d-manifold X
another application of superrigidity for cocycles allows to express the
entropies h(X, µ, γ) of elements γ ∈ Γ via eigenvalues of d-dimensional
G-representations. More precisely, (see Furstenberg [4] Thm 8.3, or
Zimmer [17] 9.4.15) either h(X, µ, γ) = 0 for all γ ∈ Γ, or h(X, µ, γ) =
χ(ρ(γ)), γ ∈ Γ, for some representation ρ : G→ GLd(C). In particular
one has
inf
γ
h(X, µ, γ)
χ(Ad γ)
≤ max
dim ρ≤d
inf
γ
χ(ρ(γ))
χ(Ad γ)
. (6.2)
Let us point out that in the above cited references the Γ-action on X
and the measure µ were assumed to be C2-smooth, in order to apply
Pesin’s formula. However for the inequality (6.2) one only needs the
upper bound
h(X, µ, γ) ≤ max
dim ρ≤d
χ(ρ(γ)), γ ∈ Γ
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which, being based on Margulis-Ruelle inequality, holds under C1-
assumption on the action and does not require any regularity assump-
tions on the measure µ.
Using Borel’s density theorem one may extend the inf in (6.2) from
γ ∈ Γ to g ∈ G, obtaining the claimed estimate
[OutRX,Γ : A
∗(X,Γ)] ≤ 1 +WG(d).
For a given G the function WG(d) can be computed explicitly in terms
of the weights of irreducible representations, but here let us confine the
discussion to a general estimate WG(d) ≤ d
2/8, suggested to me by
Dave Witte, whom I would like to thank. For k ≥ 2 let σk denote the
(unique !) irreducible representation σk of SL2(R) in dimension k. If
h denotes the element diag(e, e−1) ∈ SL2(R), then the eigenvalues of
σk(h) are {e
k+1−2i | i = 1, . . . , k} so that
χ(σk(h)) =
∑
i≤k/2
(k + 1− 2i) ≤ k2/4
Given a d-dimensional G-representation ρ choose a subgroup SL2(R) ≃
G0 ⊂ G, and let g ∈ G correspond to h ∈ G0 above. The restriction
ρ|G0 of ρ to G0 splits as a direct sum of irreducible G0-representations
σdi with
∑
di = d. Thus
χ(ρ(g)) =
∑
χ(σdi(h)) ≤ 1/4
∑
d2i ≤ d
2/4
At the same time χ(Ad G(g)) ≥ χ(Ad SL2(R)(h)) = 2, which gives
WG(d) ≤ d
2/8.
7. Standard Examples without G/Γ quotients
In this section we prove 1.4–1.8 applying Theorem 1.1.
Proof of Theorem 1.4. Let us first verify the ergodicity and aperi-
odicity of the Γ-action on TN . Let f ∈ L2(TN ) 7→ fˆ ∈ ℓ2(ZN ) denote
the Fourier transform. For A ∈ SLN(Z) one has f̂ ◦ A = A
tfˆ . There-
fore if f ∈ L2(TN) is an invariant vector for a subgroup Λ ⊂ SLN(Z)
then fˆ ∈ ℓ2(ZN) is a Λt-invariant vector, and fˆ is supported on finite
Λt-orbits on ZN . Thus if Γ fails to act ergodically on TN , then ρ(Γ)t
has a non-trivial finite orbit on ZN , and for some finite index subgroup
Γ′ ⊆ Γ there is a non-trivial fixed vector for ρ(Γ′)t in ZN ⊂ RN . Since
ρ : G → SLN(R) is rational, Borel’s density theorem implies that all
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of ρ(G)t ⊂ SLN (R) has a non-trivial fixed vector, and since ρ(G) is
totally reducible ρ(G) also has non-trivial fixed vectors contrary to the
assumption. Thus Γ acts ergodically on TN , and since the arguments
apply to any finite index subgroup of Γ, this action is aperiodic.
The Γ-action on TN can be assumed to be free. Indeed SLN(Z) acts
freely (mod 0) on TN and so does ρ(Γ) ∼= Γ.
Next we claim that the system (TN ,Γ) does not have (AdG/Γ′,AdΓ)
as a measurable quotient. In the case of Γ ⊂ SLn(Z) acting on T
n,
n > 2, this is easily seen from the entropy comparison: for γ ∈ SLn(Z)
with eigenvalues λ1, . . . , λn one has
h(Tn, γ) =
∑
i
log+ |λi|, h(AdG/Γ
′, γ) =
∑
i,j
log+ |λi/λj|
where Γ′ is any lattice in AdG = PSLn(R). Since | det γ| = 1, i.e.∑
log |λi| = 0, one has a strict inequality h(T
n, γ) < h(AdG/Γ′, γ) as
soon as γ has at least one eigenvalue off the unit circle. For the general
case we resort to a more complicated argument described below.
Now Theorem 1.1 (or rather its simple modification needed to handle
finite center) gives
OutRTN ,Γ ∼= A
∗(TN ,Γ) ∼= Aut∗(TN ,Γ)/Γ.
Evidently any σ ∈ GLN(Z) which normalizes ρ(Γ) gives rise to the map
Tσ : x 7→ σ(x) of T
N which lies in Aut∗(TN ,Γ).
Claim 7.1. The correspondence σ → Tσ is an isomorphism
NGLN (Z)(ρ(Γ))
∼= Aut∗(TN ,Γ).
The correspondence σ → Tσ is clearly a monomorphism of groups.
To show its surjectivity consider a general T ∈ Autτ (TN ,Γ) and let
ν denote the lift of the Lebesgue probability measure mTN on T
N
to the graph of T . Thus ν is a probability measure on TN × TN =
(RN ×RN)/(ZN ×ZN ) which is invariant and ergodic for the (ρ× ρ ◦
τ)(Γ)-action γ : (x, y) 7→ (ρ(γ)(x), ρ(γτ )(y)). Witte’s [15] Corollary 5.8
(based on Ratner’s theorem) allows to conclude that ν is a homogeneous
measure for some closed subgroup
M ⊆ (ρ× ρ ◦ τ)(Γ)⋉ (RN ×RN)
The connected component M0 of the identity of M can be viewed as
a subgroup of RN ×RN . The fact that ν is a lift of mTN to a graph
of a m.p. bijection T : TN → TN , and the fact that RN is connected
while ZN is discrete, leads to the conclusion that M0 ⊂ R
N × RN
projects onto RN in both factors in a one-to-one fashion. Hence M0 =
{(x, σ(x)) | x ∈ RN} where σ ∈ AutRN which preserves ZN , i.e.
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σ ∈ GLN(Z), and T has the form: T (x) = σ(x) + t where t ∈ T
N is
such that
σ ◦ ρ(γ)(x) + t = ρ(γτ )(σ(x) + t).
The latter means that t is ρ(Γ)-fixed and σρ(γ)σ−1 = ρ(γτ ). An ar-
gument similar to the one for aperiodicity of the action (based on the
assumption that ρ(G) has no non-trivial fixed vectors), implies that t
has to be trivial, so that T is of the form Tσ where σ ∈ NGLN (Z)(ρ(Γ)).
The Claim is proved.
It remains to show that TN does not have AdG/Γ′ as a measurable
Γ-equivariant quotient. It follows from Witte’s [15] 5.8 that measur-
able Γ-equivariant quotients of TN = RN/ZN have the form K\RN/Λ
where ZN ⊆ Λ ⊆ RN is a closed Γ-invariant subgroup and K is a
closed subgroup of Aff(RN/Λ) centralizing Γ; moreover K is acting
non-ergodically on RN/Λ. The latter space can be identified with a
quotient torus Tn, n ≤ N , on which Γ still acts by automorphisms,
so that K becomes a subgroup of GLn(Z) ⋉ T
n. We claim that the
Γ-action on K\Tn cannot be measurably isomorphic to the Γ-action
on AdG/Γ′ because the former cannot be extended to a G-action. In
fact the Γ-action on K\Tn cannot be extended to a measurable action
of the smaller group - the commensurator
∆ := CommG(Γ) =
{
g ∈ G | [Γ : g−1Γg ∩ Γ] <∞
}
which is a dense subgroup in G (follows from Margulis’ arithmetic-
ity results [10]). Indeed, let g 7→ Tg, g ∈ ∆, denote a hypothetical
extension of the Γ-action on K\Tn to some measure-preserving ∆-
action. For any g ∈ ∆ there are finite index subgroups Γ1,Γ2 ⊆ Γ so
that τg : γ 7→ gγg
−1 is an isomorphism Γ1 → Γ2. Thus Tg satisfies
Tg(γ · x) = τg(γ) · Tg(x) for a.e. x ∈ K\T
n and all γ ∈ Γ1. Arguing
as in the proof of Claim 7.1 one shows that such Tg has to have an
”algebraic” form, i.e. to be induced by a linear map ρ(g) ∈ SLn(R)
which has to preserve the lattice Zn. The fact that the embedding
Γ → SLn(Z) cannot be extended to the commensurator ∆ ⊃ Γ gives
the required contradiction.
Proof of Theorem 1.5. By Margulis’ Normal Subgroup Theorem [10]
(4.10) the homomorphism ρ : Γ → K is actually an embedding (recall
that G and hence Γ are assumed to be center free). Thus without loss
of generality we can assume that the proper subgroup L ⊂ K does not
contain non-trivial normal factors of K (otherwise dividing by these
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factors we still remain in the same setup). This means that the K-
action k1 : kL → k1kL is free (mod 0) and so is the ergodic Γ-action
(K/L,mK/L,Γ). This Γ-action is aperiodic: being connected K admits
no proper closed subgroups of finite index, and therefore any subgroup
Γ1 ⊂ Γ of finite index has a dense image ρ(Γ1) inK and acts ergodically
on (K,mK) as well as on its quotient (K/L,mK/L). Furthermore, such
an action is irreducible - see Zimmer [16] Prop 2.4. Clearly the discrete
spectrum Γ-action on K/L cannot have equivarient quotients of the
form G/Γ. Hence Theorem 1.1 gives
OutR(K/L,Γ) = A
∗(K/L,Γ)
In Theorem 1.5 K/L is a homogeneous space (recall that being con-
nected K has to be a Lie group). However, Theorem 1.7 (or Ratner’s
theorem, in general) does not apply to this situation because the acting
group is not generated by Ad -unipotent elements. Yet the following
general result describing Aut∗(K/L,Γ) can easily be obtained by direct
methods.
Proposition 7.2. Let K be a compact group, Γ ⊂ K a dense subgroup
and L ⊆ K a closed subgroup. Then the left Γ-action on (K/L,mK/L)
is ergodic and
Aut(K/L,Γ) ∼= NK(L)/L
Aut∗(K/L,Γ) ∼= NAff(K/L)(Γ)
Remark. In the particular case of L = {e} the first assertion, i.e.
the isomorphism Aut(K,Γ) ∼= K, is easy seen as follows. Any T ∈
Aut(K,mK) can be written as T (k) = kt
−1
k where k 7→ tk ∈ K is
a measurable map. Then T (γ · k) = γ · T (k) translates into an a.e.
identity tγ·k = tk. Since Γ acts ergodically on (K,mK) the map k 7→ tk
is a.e. a constant t ∈ K, i.e. T (k) = kt. The correspondence T ∈
Aut(K,Γ) 7→ t ∈ K is easily seen to be an isomorphism of groups.
Proof of Proposition 7.2. Given T ∈ Autτ (K/L,Γ) let ν be the lift
of mK/L to the graph of T on K/L×K/L, and let
R := {(k1, k2) ∈ K ×K | (k1, k2)∗ν = ν}.
R ⊆ K×K forms a closed (hence compact) group, containing {(γ, γτ ) |
γ ∈ Γ}. The projections pi(R) of R to K are closed and contain Γ.
Hence R projects onto K in both coordinates. We claim that
R1 := {k ∈ K | (k, e) ∈ R}, R2 := {k ∈ K | (e, k) ∈ R}
are closed normal subgroups in K. Indeed, for r1 ∈ R1 and k ∈ K
there exists a k2 ∈ K so that (k, k2) ∈ R, and
(k, k2)
−1(r1, e) (k, k2) = (k
−1r1 k, e) ∈ R
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shows that k−1r1k ∈ R1. Thus R1 ⊳ K and similarly R2 ⊳ K.
Since ν disintegrates into Dirac measures with respect tomK/L under
the projections pi : (K/L) × (K/L) → K/L, the Ri-actions on K/L
should fix mK/L-a.e. point of K/L. This means that Ri ⊆ L, and since
L is assumed not to contain non-trivial normal factors of K, Ri = {e}
for i = 1, 2. Hence R has the form
R = {(k, θ(k)) | k ∈ K}
for some bijection θ : K → K which has to be a continuous isomor-
phism, because R ⊂ K ×K is a closed subgroup.
By definition of R for all k ∈ K and mK/L-a.e. k1L, the point
(kk1L, θ(k)T (k1L)) is on the graph of T , i.e. T (kk1L) = θ(k)T (k1L).
Thus T has the form T (kL) = θ(k)tL where t ∈ K is such that θ(L) =
tLt−1. Such T can also be written as T (kL) = tσ(k)L where σ(k) =
t−1θ(k)t, in which case σ ∈ NAutK(L). Thus T comes from an affine
map aσ,t ∈ Aff(K/L). We conclude that Aut
∗(K/L,Γ) coincides with
NAff(K/L)(Γ).
Finally, an affine map aσ,t is in Aut(K/L,Γ) if for all γ ∈ Γ and a.e.
kL
γtσ(k)L = tσ(γk)L = tσ(γ)σ(k)L
In view of the standing assumption that L does not contain normal
subgroups of K this means that σ(γ) = t−1γt for γ ∈ Γ. Since Γ is
dense in K we have σ(k) = t−1kt for all k ∈ K and σ(L) = L means
t ∈ NK(L). Hence aσ,t : kL 7→ (tt
−1)ktL = ktL and t, t′ ∈ NK(L) give
rise to the same map of Aff(K/L) iff t′t−1 ∈ L. This gives the desired
identification
Aut(K/L,Γ) ∼= NK(L)/L
This completes the proof of Theorem 1.5.
Proof of Theorem 1.7. By Theorem 5.1 the system (H/Λ, mH/Λ,Γ)
has a Γ-equivariant quotient map
π : (H/Λ, mH/Λ)−→(G/Γ
′, mG/Γ′)
only if there exists a surjective continuous homomorphism σ : H → G
with σ(Λ) ⊆ Γ′ ∼= Γ and σ ◦ ρ(γ) = tγt−1 for some t ∈ G. An existence
of such a homomorphism σ was explicitly excluded by the assumption,
so that Theorem 1.1 gives OutRH/Λ,Γ = A
(H/Λ,Γ) ∼= Aut∗(H/Λ,Γ)/Γ.
To identify Aut∗(H/Λ,Γ) we invoke Theorem 5.1 again to conclude that
Aut∗(H/Λ,Γ) = NAff(H/Λ)(ρ(Γ))
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which presents A∗(H/Λ,Γ) as the quotient ofNAff(H/Λ)(ρ(Γ)) by the im-
age of Γ
ρ
−→H →֒ Aff(H/Λ).One also has Aut(H/Λ,Γ) ∼= CAff(H/Λ)(ρ(Γ)).
Proof of Corollary 1.8. If ρ : G → H is an embedding (or isomor-
phism) of G into another semi-simple real Lie group H (center free and
without compact factors) and Λ ⊂ H is an irreducible lattice, then
the G-action on (H/Λ, mH/Λ) is free and by Howe-Moore’s theorem
is not only ergodic but actually mixing. Hence also the restriction of
this action to Γ-action is free and mixing, and in particular irreducible
and aperiodic. The assumptions of the Corollary guarantee that there
does not exits an epimorphism σ : H → G with σ(Λ) ⊆ Γ, so that
Theorem 1.7 applies showing
OutRH/Λ,Γ = A
∗(H/Λ,Γ) ∼= Aut∗(H/Λ,Γ)/Γ ∼= NAff(H/Λ)(ρ(Γ))/ρ(Γ).
Recal that Aff(H/Λ) contains H as a subgroup of finite index di-
viding |OutΛ|. Hence, upon passing to a subgroup of index divid-
ing |OutΛ|, the group OutRH/Λ,Γ ∼= NAff(H/Λ)(ρ(Γ))/ρ(Γ) can be re-
duced to NH(ρ(Γ))/ρ(Γ), which contains the centralizer CH(ρ(Γ)) =
CH(ρ(G)) as a subgroup of index dividing |OutΓ|.
8. Proof of Theorem 1.9
Case (G/Γ,Γ). Choose a two-sided fundamental domain X ⊂ G for Γ
and define the transformation I : X → X by I : x 7→ x−1Γ ∩X . Note
that both X and X−1 are two-sided, in particular right, fundamental
domains and therefore I is a measurable bijection of X . Moreover,
I(γ · x) = I(γxλ(γ, x)−1) = λ(γ, x)x−1Γ ∩X = λ(γ, x) · I(x)
which means that I ∈ AutR(G/Γ,Γ) and the corresponding rearrange-
ment cocycle αI is λ = λX : Γ×X → Γ. Observe that
γ · x = γxλ(γ, x)−1 means that λ(γ, x) = (γ · x)−1 γ x
(with the usual multiplication in G on the right hand side), so that the
embedding X → G is precisely the “straightening map” φ correspond-
ing to the cocycle αI = λX and the trivial automorphism τ0 : γ 7→ γ;
in other words φI,τ0(x) = x. From Theorem 4.2 (a1) we conclude that
[I] 6∈ A∗(G/Γ,Γ) and therefore
[OutR(G/Γ,Γ) : A
∗(G/Γ,Γ)] ≥ 2 (8.1)
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while Theorem 1.2 (or Corollary 1.3) show that this index is at most
two proving an equality in (8.1). Theorem 5.1 gives
Aut∗(G/Γ,Γ) ∼= NAff(G/Γ)(Γ)
Note that an affine map aσ,t ∈ Aff(G/Γ) (aσ,t : gΓ 7→ tσ(g)Γ where
σ ∈ NAutG(Γ) and t ∈ G) satisfies
aσ,t(γ · gΓ) = γ
τ · aσ,t(gΓ)
iff σ(γ) = t−1τ(γ)t, in particular t ∈ NG(Γ). Thus Aut
∗(G/Γ,Γ) ∼=
NAff(G/Γ)(Γ) ∼= NAutG(Γ), with gΓ 7→ g
τΓ, τ ∈ NAutG(Γ) ∼= Aut Γ, giv-
ing all twisted action automorphisms. Hence A∗(G/Γ,Γ) ∼= Aut Γ/Γ ∼=
OutΓ. Since this group commutes with [I], we obtain
OutR(G/Γ,Γ) ∼= Z/2Z×Out (Γ)
as claimed.
Before turning to the systems (Gn/Γn,Γ) for general finite n ≥ 1,
observe that G/Γ can be viewed as the factor of G2e := {(g, g
−1) ∈
G × G | g ∈ G} modulo the relation (g, g−1) ∼ (gγ1, γ
−1
1 g), γ1 ∈ Γ.
With this identification G/Γ ∼= (G2e/ ∼) the left Γ-action on G/Γ
corresponds to the quotient of the action γ : (g, g−1) 7→ (γg, g−1γ−1)
modulo ∼, while the map I arises from the flip (g, g−1) 7→ (g−1, g).
Case (Gn/Γn,Γ), n ∈ N. Given a general finite n consider the set
Gn+1e := {(g0, . . . , gn) ∈ G
n+1
e | g0 · · · gn = e}
with the natural measure and an equivalence ∼ defined by
(g0, g1, . . . , gn−1, gn) ∼ (g0γ
−1
1 , γ1g1γ
−1
2 , . . . , γn−1gnγ
−1
n , γngn)
for γ1, . . . , γn ∈ Γ. The map p : G
n+1
e → (G/Γ)
n = Gn/Γn given by
p : (g0, . . . , gn) 7→ (g0Γ, g0g1Γ, . . . , g0g1 · · · gn−1Γ)
factors through a bijection q : (Gn+1e / ∼) → G
n/Γn. Note that the
following Γ-action on Gn+1e
γ : (g0, g1, . . . , gn−1, gn) 7→ (γg0, g1, . . . , gn−1, gnγ
−1)
descends to an action on (Gn+1e / ∼) which is isomorphic, via q, to the
diagonal Γ-action on Gn/Γn
γ : (g1Γ, . . . , gnΓ) 7→ (γg1Γ, . . . , γgnΓ).
The cyclic permutation T˜ of order (n+ 1)
T˜ : (g0, g1, . . . , gn−1, gn) 7→ (g1, g2, . . . , gn, g0)
is easily seen to preserve the Γ-orbits on (Gn+1e / ∼)
∼= Gn/Γn and
thereby defines a relation automorphism T ∈ AutRGn/Γn,Γ with [T
n+1] ∈
A(Gn/Γn,Γ).
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We would like to present T as an explicit transformation of (Gn/Γn, mGn/Γn)
as follows. The cocycle λX : Γ×X → Γ corresponding to the two-sided
fundamental domain X ⊂ G can be extended to a cocycle of G, i.e.
λ = λX : G×X → Γ still defined by gx ∈ X λ(g, x). The left G-action
on X ∼= G/Γ can thus be written as
g · x = g x λ(g, x)−1
where on the right hand side we use the usual multiplication in G.
Using these notations and viewing x ∈ X ⊂ G both as points of the
space X and as G-elements one obtains an explicit form for T :
T : (x1, . . . , xn) 7→ (x
−1
1 · x2, x
−1
1 · x3, . . . , x
−1
1 · xn, I(x1)).
Observe that
T (γ · (x1, . . . , xn)) = T (γx1λ(γ, x1)
−1, . . . , γxnλ(γ, xn)
−1)
= (λ(γ, x1)x
−1
1 · x2, λ(γ, x1)x
−1
1 · x3, . . . , λ(γ, x1) · I(x1))
= λ(γ, x1) · T (x1, . . . , xn).
Hence T ∈ AutR(Gn/Γn,Γ) with the rearrangement cocycle being
αT (γ, (x1, . . . , xn)) = λ(γ, x1).
A similar computation shows that for 1 ≤ k ≤ n one has
αT k(γ, (x1, . . . , xn)) = λ(γ, xk)
and therefore the corresponding “straightening” map is given by
φT k,τ0(x1, . . . , xn) = xk ∈ G.
It now follows from Theorem 4.2 (a1) that T k 6∈ A∗(Gn/Γn,Γ) for k =
1, . . . , n. In particular
[OutR(Gn/Γn,Γ) : A
∗(Gn/Γn,Γ)] ≥ n + 1
which is, in fact, an equality due to the upper bound (n+ 1) provided
by Theorem 1.2 (or Corollary 1.3).
To identify A∗(Gn/Γn,Γ) we invoke the second part of Theorem 5.1
with H := Gn and Λ := Γn and note that affine maps of Gn/Γn have
the form
(g1Γ, . . . , gnΓ) 7→ (t1g
τ1
p(1)Γ, . . . , tng
τn
p(n)Γ)
where p ∈ Sn is a permutation of {1, . . . , n}, τi ∈ NAutG(Γ) ∼= AutΓ
and ti ∈ G. One easily checks that such a map normalizes the diagonal
Γ-action iff τ1 = · · · = τn = τ and t1 = · · · = tn = t where t ∈ NG(Γ).
Hence Aut∗(Gn/Γn, Γ) consists of the maps
Sp,τ : (g1Γ, . . . , gnΓ) 7→ (g
τ
p(1)Γ, . . . , g
τ
p(n)Γ)
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where p ∈ Sn and τ ∈ NAutG(Γ)). The obvious relation Sp,τ ◦ Sp′,τ ′ =
Spp′,ττ ′ gives Aut
∗(Gn/Γn,Γ) ∼= Sn ×NAut (Γ) and
A
∗(Gn/Γn, Γ) ∼= Sn × (NAut (Γ)/Γ) ∼= Sn ×Out (Γ).
OutR(Gn/Γn,Γ) is generated by [T ] and A
∗(Gn/Γn,Γ), and the explicit
form of T and Sp,τ allows one to check that
OutR(Gn/Γn,Γ) ∼= Sn+1 ×Out (Γ)
as claimed.
Case (G∞/Γ∞,Γ). Finally, let us turn to the case of n = ∞, i.e.
the diagonal Γ-action on (X, µ) := (G/Γ, mG/Γ)
Z. Choose a two-sided
fundamental domain X ⊂ G, so that X = XZ, and let λ = λX :
G×X → Γ and I : X → X be as before. Consider the map T : X → X
defined by
T : (. . . , x−1, x0, x1, . . . ) 7→ (. . . , x
−1
1 · x0, I(x1), x
−1
1 · x2, . . . )
so that for k 6= 0
(T kx¯)i :=
{
x−1k · xi+k i 6= 1− k
I(xk) i = 1− k
and observe that
T k(γ · x¯) = λ(γ, xk) · T
k(x¯).
As before, for k 6= 0 we have αT k(γ, x¯) = λ(γ, xk) and φT k,τo(x¯) = xk
so that [T ]k 6∈ A∗(X,Γ).
Claim 8.1. OutRX,Γ is generated by [T ] and A
∗(X,Γ).
(Note that in previous cases similar statement followed immediately
from the upper bound provided by Corollary 1.3). Choose an S ∈
AutRX,Γ \ A
∗(X,Γ) and let
π : X → G/Γ, π∗µ = mG/Γ, π(γ · x¯) = γ
τ · π(x¯)
be the standard quotient map provided by Theorem 4.2.
Lemma 8.2. π(x¯) = xτk for some k ∈ Z and τ ∈ NAutG(Γ).
Proof. Denote by ν the probability measure on (G/Γ)Z × (G/Γ) ob-
tained by the lift of µ to the graph of π. Fix an r ∈ N, let
H :=
r∏
−r
G Λ :=
r∏
−r
Γ
and let p : GZ → H be the projection on {−r, . . . , r}-coordinates.
Denote by ν(r) the p× Id-projection of ν to H/Λ×G/Γ. Then one can
deduce from Theorem 5.2 that either
36 ALEX FURMAN
(i) ν(r) = mH/Λ ×mG/Γ, or
(ii) There exists k ∈ {−r, . . . , r}, τ ∈ NAutG(Γ) so that for any
F ∈ Cc(H/Λ×G/Γ)∫
F dν(r) =
∫
F (x1, . . . , xk, . . . , xn, x
τ
k) dmG/Γ(x1) · · · dmG/Γ(xn).
As r → ∞ case (i) cannot persist forever, because that would imply
that ν = µ×mG/Γ which is impossible. On the other hand as soon as
(ii) occurs, the index k and τ ∈ NAutG(Γ) do not change. This proves
the Lemma.
With the explicit form of π : X → G/Γ provided by Lemma 8.2 we
invoke Theorem 4.2 (a3) to conclude that there exists Sˆ ∈ AutRX,Γ
with [S] = [Sˆ], τ ∈ NAutG(Γ) and k 6= 0 ∈ Z so that
φSˆ,τ (x)Γ = (xk)
τΓ.
Recalling that also for T k we have φT k,τ0(x) = xk one concludes that
[S] = [Sˆ] ∈ [T k]A∗(X,Γ) using the same argument as in the proof of
Theorem 1.2. This completes the proof of Claim 8.1.
Any permutation p of Z and any τ ∈ NAutG(Γ) give rise to the map
Sp,τ ∈ Aut
τ (X,Γ)
Sp,τ : (giΓ)i∈Z 7→ (g
τ
p(i)Γ)i∈Z.
On the other hand if S ∈ Aut∗(X,Γ) let ν on X × X be the lift of
µ to the graph of S and let νr be the projection of this measure to∏r
−rG/Γ×
∏r
−r G/Γ. Then applying the Joining Theorem 5.2 to this
finite dimensional situation successively for r →∞, one concludes that
such S has to be of the form Sp,τ . Hence
Aut∗
(
X, Γ
)
∼= S∞ × NAutG(Γ)
A
∗
(
X, Γ
)
∼= S∞ × Out Γ.
Finally, the explicit form of [T ] and [Sp,τ ] allows to conclude that
OutR(X,Γ) ∼= S∞+1 ×Out Γ
where the symbols S∞ and S∞+1 can be interpreted as the inclusion of
the permutation group of Z in the permutation group of Z ∪ {pt}.
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9. Proof of Theorem 1.6
Throught this section Γ = PSLn(Z), G = PSLn(R) and n ≥ 3.
Let S0 = {p1, . . . , pr} be a given finite set of primes and consider the
ergodic Γ-action on the compact profinite group K =
∏
p∈S0
PSLn(Zp).
We denote H =
∏
p∈S0
PSLn(Qp) and Λ = PSLn(Z[S
−1]) ⊂ H . Then Λ
is a dense countable subgroup of locally compact totally disconnected
group H and Γ = Λ ∩K.
Following Gefter [7] we first observe that OutRK,Γ contains H . In-
deed restricting the type II∞ relation RH,Λ to K we obtain a type II1
relation RK,Γ = RH,Λ ∩ (K ×K) and
OutRK,Γ ∼= OutRH,Λ ⊇ A(H,Λ) ∼= H
using the straight forward II∞-type generalizations of Lemmas 2.2,
2.3(a) and the remark following 7.2 respectively.
We need to find explicit representatives Th ∈ AutRK,Γ for h ∈ H ,
so that h 7→ [Th] is the above imbedding. Since K is open and Λ is
dense in H , given any h ∈ H , there exist λ0 ∈ Λ and k0 ∈ K so that
h = λ0k0. The maps
T˜h : x 7→ xh, and T˜
′
h : x 7→ λ
−1
0 xh, (x ∈ H)
are in AutRH,Λ and [T˜h] = [T˜
′
h] ∈ OutRH,Λ. Denoting the open com-
pact subgroup λ0Kλ
−1
0 ∩K by K1, note that
T˜ ′h(K1) ⊂ K because T˜
′
h(x) = λ
−1
0 xλ0k0 ∈ (λ
−1
0 K1λ0)k0 ⊂ K
Thus for x, y ∈ K1 we have
(x, y) ∈ RK,Γ = RH,Λ|K iff (T˜
′
h(x), T˜
′
h(y)) ∈ RH,Λ|K = RK,Γ.
Therefore T˜ ′h|K1 is a restriction of some Th ∈ AutRK,Γ, with its outer
class [Th] ∈ OutRK,Γ being uniquely defined by the initial h ∈ H .
Denoting Γ1 := λ0Γλ
−1
0 ∩Γ a finite index subgroup of Γ which is dense
in K1, we observe that the restriction of the rearrangement cocycle αTh
to Γ1 ×K1 is
αTh(γ1, x1) = λ
−1
0 γ1λ0 (γ1 ∈ Γ1, a.e. x1 ∈ K1) (9.1)
The automorphism γ1 7→ λ
−1
0 γ1λ0 of the lattice Γ1 ⊂ G extends to
an inner (given by λ0 ∈ G) automorphism of G, so in terms of the
Standard Quotients Theorem 4.2 the class [τ ] ∈ OutG associated to
such [Th] ∈ OutRK,Γ is always trivial. On the other hand the transpose
map T0 : (k1, . . . , kr) 7→ (k
t
1, . . . , k
t
r) which is clearly in AutRK,Γ defines
the unique outer element [τ ] ∈ OutG (take τ(g) = (gt)−1). One easily
checks that the group generated by [T0] and [Th], h ∈ H , in OutRK,Γ
is Z/2-extension of H .
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We shall now prove that the latter group is all of OutRK,Γ. Take
any [T ] ∈ OutRK,Γ. Possibly composing with T0 we may assume that
[τ ] ∈ OutG ∼= Z/2 associated with [T ] is trivial, and will show that
such [T ] is [Th] for some h ∈ H . Applying the Standard Quotients
Theorem we may take τ to be the identity on G. Since (K,Γ) cannot
have (G/Γ, mG/Γ,Γ) among its measurable quotients, we deduce that
(1) There exists a finite Γ-orbit F = {g1Γ, . . . , gkΓ} ⊂ G/Γ, and a
measurable Γ-equivariant map π : K → F with
π(γx) = γπ(x) (γ ∈ Γ, x ∈ K)
(2) Let Γi = Γ∩giΓg
−1
i , i = 1, . . . , k - these are conjugate subgroups
of index k in Γ; the sets Xi = π
−1({giΓ}) ⊂ K are Γi-invariant
and ergodic measurable subsets with µ(Xi) = 1/k; if Ki is the
closure of Γi in K then Xi = Kiyi (mod 0) – cosets of Ki-s;
as the latter are open and compact subsets of K we obtain an
open partition into disjoint sets which we still denote by Xi.
Up to reordering we may assume that X1 contains the identity
of K, i.e. X1 = K1.
(3) There exists Tˆ ∈ AutRK,Γ with [Tˆ ] = [T ] ∈ OutRK,Γ so that
αTˆ (γ1, x1) = g
−1
1 γ1g1 (γ1 ∈ Γ1, x1 ∈ X1).
Note that the last formula resembles (9.1). Property (1) means that
g1 ∈ CommG(Γ) = PSLn(Q).
Claim 9.1. g1 ∈ Λ = PSLn(Z[S
−1]).
Proof. Let us expand the notations slightly: for an arbitrary finite set
S of primes let
KS =
∏
p∈S
PSLn(Zp), ΛS = PSLn(Z[S
−1])
and let µS denote the normalized Haar measure onKS. We shall denote
by Γ1
S
the closure of the index k subgroup Γ1 = Γ ∩ g1Γg
−1
1 ⊂ Γ in
KS. The Γ1-ergodic component X1 ⊂ K = KS0 is a coset of the open
compact subgroup Γ1
S0
of K and by (2)
1
k
= µ(X1) = µS0(Γ1
S0
).
Let S1 be the set of primes appearing in the denominators of g1 ∈
PSLn(Q), i.e. S1 is the smallest set of primes (possibly empty) such
that g1 ∈ ΛS1.
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It follows from the Strong Approximation Theorem that if S = S ′⊔S ′′
is a disjoint union of two finite sets of primes, then
Γ1
S
= Γ1
S′
× Γ1
S′′
⊆ KS′ ×KS′′ = KS,
and Γ1
S′′
= KS′′ if and only if S
′∩S1 = ∅. On the other hand if S1 ⊂ S
′
then it is easy to see that
µS′(Γ1
S′
) =
1
[Γ : Γ1]
=
1
k
.
Writing S = S0 ∪ S1 = S0 ⊔ S2 where S2 = S1 \ S0 we have
1
k
= µS0(Γ1
S0
) ≥ µS0(Γ1
S0
) · µS2(Γ1
S2
) = µS(Γ1
S
) =
1
[Γ : Γ1]
=
1
k
.
So µS2(Γ1
S2
) = 1, that is Γ1
S2
= KS2 , which means that S2 = ∅ and
S1 ⊆ S0 as claimed.
Having proved that g1 ∈ Λ, we recall that by (3) the original T ∈
AutRK,Γ can be replaced by Tˆ with [T ] = [Tˆ ] ∈ OutRK,Γ so that
Tˆ (γ1x1) = g
−1
1 γ1g1 Tˆ (x1) (9.2)
for all γ1 ∈ Γ1 and µ-a.e. x1 ∈ X1. We have also made sure that
X1 = K1 - the closure of Γ1 = Γ ∩ g1Γg
−1
1 in K.
Claim 9.2. Tˆ (k) = g−11 kg1z1 for some fixed z1 ∈ K and a.e. k ∈ K1.
Proof. The map γ1 7→ g
−1
1 γ1g1 is an isomorphism between finite index
subgroups Γ1 → Γ
′
1 := g
−1
1 Γg1 ∩ Γ of Γ. It extends to an isomorphism
K1 → K
′
1 between open compact subgroups of K, where K
′
1 is the
closure of Γ′1 in K. (Note that K1 = K∩g1Kg
−1
1 and K
′
1 = g
−1
1 Kg1∩K
as subsets of H).
Let X ′1 = Tˆ (X1) ⊂ K. In view of (9.2), X
′
1 is one of the Γ
′
1-ergodic
components of X1, and therefore is a single K
′
1-coset, X
′
1 = K
′
1y for
some y ∈ X ′1. Let R : K1 → K1 be the composition of the following
maps
K1 = X1 → X
′
1 → K
′
1 → K1 R(k) = g1Tˆ (k)y
−1g−11 .
In view of (9.2) we have for all γ ∈ Γ1 and µ-a.e. k ∈ K1:
R(γk) = g1g
−1
1 γg1Tˆ (k)y
−1g−11 = γR(k).
Since Γ1 is dense in the compact group K1, we have R(k) = kk0 for
some fixed k0 ∈ K1 and a.e. k ∈ K1 (see Proposition 7.2 and the
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following Remark). This allows us to compute
Tˆ (k) = g−11 kk0g1y = g
−1
1 kg1z1 where z1 = (g
−1
1 k0g1)y ∈ K.
Taking h = g1z1 ∈ H we observe that the map Th ∈ AutRK,Γ,
discussed in the first part of this section, agrees with Tˆ on a positive
measure subset K1 ⊂ K, and therefore (as in the proof of Lemma 2.2)
[T ] = [Tˆ ] = [Th] ∈ OutRK,Γ
which completes the proof of the Theorem.
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